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Abstract 



The B-model topological string theory on a Calabi-Yau threefold X has a symmetry 
group T, generated by monodromies of the periods of X. This acts on the topological string 
wave function in a natural way, governed by the quantum mechanics of the phase space 
H 3 (X). We show that, depending on the choice of polarization, the genus g topological 
string amplitude is either a holomorphic quasi-modular form or an almost holomorphic 
modular form of weight under I\ Moreover, at each genus, certain combinations of genus 
g amplitudes are both modular and holomorphic. We illustrate this for the local Calabi- 
Yau manifolds giving rise to Seiberg-Witten gauge theories in four dimensions and local P2 
and Pi x Pi. As a byproduct, we also obtain a simple way of relating the topological string 
amplitudes near different points in the moduli space, which we use to give predictions for 
Gromov-Witten invariants of the orbifold (D 3 /Z3. 
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1. Introduction 

Topological string theory has led to many insights in both physics and mathematics. 
Physically, it computes non-perturbative F-terms of effective supersymmetric gauge and 
gravity theories in string compact ificat ions. Moreover, many dualities of superstring theory 
are better understood in terms of topological strings. Mathematically, the A-model ex- 
plores the symplectic geometry and can be written in terms of Gromov-Witten, Donaldson- 
Thomas or Gopakumar-Vafa invariants, while the mirror B-model depends on the complex 
structure deformations and usually provides a more effective tool for calculations. 

The topological string is well understood for non-compact toric Calabi-Yau manifolds. 
For example, the B-model on all non-compact toric Calabi-Yau manifolds was solved to all 
genera in |l| using the symmetries of the theory. Geometrically, the symmetries 
are the w-preserving diffeomorphisms of the Calabi-Yau manifold, where uj is the (3, 0) 
holomorphic volume form. By contrast, for compact Calabi-Yau manifolds the genus ex- 
pansion of the topological string is much harder to compute and so far only known up to 
genus four in certain cases, for instance for the quintic Calabi-Yau threefold. It is natural 
to think that understanding quantum symmetries of the theory may hold the key in the 
compact case as well. 

In this paper, we will not deal with the full diffeomorphism group, but we will ask 
how does the finite subgroup Y of large, w-preserving diffeomorphisms, constrain the am- 
plitudes. In other words, we ask: what can we learn from the study of the group of 
symmetries Y generated by monodromies of the periods of the Calabi-Yau? For this, we 
need to know how Y acts in the quantum theory. The remarkable fact about the topo- 
logical string is that its partition function Z = exp(^ ff 9g J~g) is a wave function in a 
Hilbert space obtained by quantizing Hs(X), where gl plays the role of Classically, Y 
acts on H 3 (X) as a discrete subgroup of the group Sp(2n, 2) of symmetries that preserve 
the symplectic form, where n = ^bs(X). This has a natural lift to the quantum theory. 

The answer turns out to be beautiful. Namely, the jF g 's turn out to be (almost) mod- 
ular forms of r. By "(almost) modular form" we mean one of two things: a form which is 
holomorphic, but quasi-modular (i.e. it transforms with shifts), or a form which is modular, 
but not quite holomorphic. By studying monodromy transformations of the topological 
string partition function in "real polarization", where Z depends holomorphically on the 
moduli space, we find that it is a quasi-modular form of Y of weight 0. The symmetry 



1 This fact was also recently explored in [18,14,31,36]. 
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transformations under V imply that the genus g partition function T g is fixed recursively 
in terms of lower genus data, up to the addition of a holomorphic modular form. Thus, 
modular invariance constrains the wave function, but does not determine it uniquely. The 
holomorphic modular form that is picked out by the topological string can be deduced (at 
least in principle) by its behavior at the boundaries on the moduli space. On the other 
hand, if we consider the topological string partition function in "holomorphic polariza- 
tion", this turns out to be a modular form of weight 0, which is not holomorphic on the 
moduli space. While it fails to be holomorphic, it turns out to be "almost holomorphic" 
in a precise sense. Moreover, it is again determined recursively, up to the holomorphic 
modular form. Thus, the price to pay for insisting on holomorphicity is that the T g ^s fail 
to be precisely modular, and the price of modularity is failure of holomorphicity! 

The recursive relations we obtain contain exactly the same information as what was 
extracted in |J from the holomorphic anomaly equation. In []5j , through a beautiful study 
of topological sigma models coupled to gravity, the authors extracted a set of equations 
that the genus g partition function T g satisfies, expressing an anomaly in holomorphicity 
of T g . The equations turn out to fix T g in terms of lower genus data, up to an holomor- 
phic function with a finite set of undetermined coefficients. Here, we have formulated the 
solutions to the holomorphic anomaly equation by exploiting the underlying symmetry 
of the theory. In the context of Q, solving the equations was laborious, the particularly 
difficult part being the construction of certain "propagators" . From our perspective, the 
propagators are simply the "generators" of (almost) modular forms, that is the analogues 
of the second Eisenstein series of SX(2, 2) and its non-holomorphic counterpart! That a 
reinterpretation of || in the language of (almost) modular forms should exist was antici- 



pated by R. Dijkgraaf in [T^] . For local Calabi-Yau manifolds, the relevant modular forms 
are Siegel modular forms. In the compact Calabi-Yau manifold case, our formalism seems 
to predict the existence of a new theory of modular forms of (subgroups of) Sp(2n, Z), 
defined on spaces with Lorentzian signature (instead of the usual Siegel upper half-space). 

The paper is structured as follows. In section 2, we describe the B-model topological 
string theory, from a wave function perspective, for both compact and non-compact target 
spaces. In section 3, we take a first look at how the topological string wave function 
behaves under the symmetry group V generated by the monodromies. Then, we give a 
more precise analysis of the resulting constraints on the wave function in section 4. We 
also explain the close relationship between the topological string amplitudes and (almost) 
modular forms in this section. In the remaining sections we give examples of our formalism: 
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in section 5 we study SU(N) Seiberg-Witten theory, in section 6 local P 2 — where we also 
use the wave function formalism to extract the Gromov-Witten invariants of the orbifold 
C 3 /Z 3 , and in section 7 local P 1 x P 1 . To conclude our work, in section 8 we present some 
open questions, speculations and ideas for future research. Finally, Appendix A and B are 
devoted to a review of essential facts and conventions about modular forms, quasi-modular 
forms and Siegel modular forms. 

2. B-model and the Quantum Geometry of H 3 (X$) 

The B-model topological string on a Calabi-Yau manifold X can be obtained by 
a particular topological twisting of the "physical" string theory, two-dimensional (2, 2) 
supersymmetric sigma model on X coupled to gravity. The genus zero partition function 
of the B-model Tq is determined by the variations of complex structures on X. The higher 
genus amplitudes T 9> q can be thought of as quantizing this. When X has a mirror Y, 
this is dual to the A-model topological string, which is the Gromov-Witten theory of Y, 
obtained by an A-type twist of the physical theory on Y. As is often the case, many 
properties of the theory become transparent when the moduli of X and Y are allowed 
to vary, and the global structure of the fibration of the theory over its moduli space is 
considered. This is quite hard to do in the A-model directly, but the mirror B-model is 
ideally suited for these types of questions. 

2.1. Real Polarization 

Let us first recall the classical geometry of H S (X,<C) = H 3 (X, Z) <g> C In the fol- 
lowing, we will assume that X is a compact Calabi-Yau manifold, and later explain the 
modifications that ensue in the non-compact, local case. 

Choose a complex structure on X by picking a particular 3- form u in H 3 (X 7 <C). 
Any other 3-form differing from this by a multiplication by a non-zero complex number 
determines the same complex structure. The set of (3, 0)-forms is a line bundle C over the 
moduli space M of complex structures. Given a symplectic basis of H 3 (X, Z), 

A 1 n Bj = S T j, 

where I,J= 1, . . .n, and n = ^bs(X), we can parameterize the choices of complex struc- 
tures by the periods 

x 1 = u, Pi = w. 

J A 1 JBj 
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The periods are not independent, but satisfy the special geometry relation: 

Pi(x) = ^jW- (2-1) 

As is well known, JF turns out to be given in terms of the classical, genus zero, free energy 
of the topological strings on X. 

In the above, we picked a symplectic basis of H%. Different choices of symplectic basis 
differ by Sp(2n, 2) transformations: 

pi = A/pj + B u x J 
x 1 

where 



■■' - C^pj + D 1 jx J 



(2.2) 



M= {c d) G ^(2n,z). 



For future reference, note that the period matrix r, defined by 



d 

TIJ = -7TJPI 
OX J 

transforms as 



f = (At + B)(Ct + D)- 1 . (2.3) 

For a discrete subgroup V C Sp(2n, 2), the changes of basis can be undone by picking a 
different 3- form 10. Conversely, we should identify the choices of complex structure that are 
related by changes of basis of H^{X, 2). The x's can be viewed as projective coordinates on 
the Teichmuller space T of X, on which Y acts as the mapping class group. Consequently, 
the space of inequivalent complex structures is 

M = T/Y. 

Generically, the moduli space M. has singularities in complex codimension one, and Y is 
generated by monodromies around the singular loci. 

It is natural to think of H 3 (X, 7E) as a classical phase space, with symplectic form, 

dx 1 A dp i, 



and ( |2.1| ) as giving a lagrangian inside it. In fact, the analogy is precise. As shown in [?C 
in the quantum theory x 1 and pj become canonically conjugate operators 



Pl ,x J ] =g 2 jj (2.4) 
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where g 2 s plays the role of h, and the topological string partition function 

oo 

Z{x I ) =gr-\* V [Y,9 2 s 9 - 2 F 9 {x% (2-5) 

3=0 

where T g is the genus g free energy of the topological string, becomes a wave function. 

More precisely, the B-model topological string theory determines a particular state 
\Z) in the Hilbert space obtained by quantizing H 3 (X, 2). The wave function, 

(x I \Z} = Z(x I ) 

describes the topological string partition function in one, "real" polarization! of H 3 (X). 
The semi-classical, genus zero approximation to the topological string wave function is 
determined by the classical geometry of X, and the lagrangian ( |2.1|) : 

d d 
PiZ(x) = g s — [ Z{x) ~ (^j^o) Z{x). 

The lagrangian does not determine the full quantum wave function. In general, there 
are normal ordering ambiguities, and to resolve them, the full topological B-model string 
theory is needed.i 

The partition function Z implicitly depends on the choice of symplectic basis. Clas- 
sically, changes of basis (p, x) — > (p, x) which preserve the symplectic form are canonical 
transformations of the phase space. For the transformation in ( |2.2| ), the corresponding 
generating function S(x,x) that satisfies 

dS = pidx 1 — pidx 1 (2-6) 

is given by@ 

S(x, x) = - l -{C- 1 D) JK x J x K + {C- l ) JK x J x K - 1 -{AC- 1 ) JK ~x J ~x K . (2.7) 



2 For us, u) naturally lives in the complexification H 3 (X,<C) =C ® H 3 (X, M), so "real" polar- 
ization is a bit of a misnomer. 

3 Note that due to ( |2.4| ), g s is a section of C, so that T g is a section of C 2 ~ 2g . The full partition 
function is a section of C^^ 1 , where x 1S the Euler characteristic of the Calabi-Yau, due to the 
prefactor. 

4 Note that ( |2.6| ) only defines S up to an addition of a constant on the moduli space. This 
ambiguity can be absorbed in T\, since only derivatives of it are physical anyhow. 
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This has an unambiguous lift to the quantum theory, with the wave function transforming 



asc 



Z(x) = J dx e - s(x >* )/9 ° Z{x). {21 



We should specify the contour used to define ( |2.8| ) ; however, as long as we work with 
the perturbative g 2 s expansion of Z(x), the choice of contour does not enter. To make sense 
of ( |2.8[ ) then, consider the saddle point expansion of the integral. 

Given x 1 , the saddle point of the integral x 1 = x r cl solves the classical special geometry 
relations that follow from (^^) : 

dS 

\x cl =Pl{Xcl). 



dx 1 

Expanding around the saddle point, and putting 

x 1 = xli+y 1 , 

we can compute the integral over y by summing Feynman diagrams where 

A ij = -(t + C- 1 D) ij (2.9) 
is the inverse propagator, and derivatives of T gi 

d h ...d In Fg(x cl ), (2.10) 

the vertices. As a short hand we summarize the saddle point expansion by 

T g = T g + T S (A /J , d h ... d In T r<g {x cl )) 

where r g (A JJ , di 1 ■ ■ ■ di n J r r<g (x c i)) is a functional that is determined by the Feynman 
rules in terms of the lower genus vertices di x . . ■di n J r r (x c i) forr<g and the propagator 
A IJ . The latter is related to the inverse propagator Ajj in ( |2.9| ) by A IJ Ajk = 5 T K . For 
example, at genus 1 the functional is simply 

r 1 (A /J ) = ilogdet(-A), 



5 It is important to note that this makes sense only on the large phase space, where the integral 
is over the n-dimensional space spanned by the x 's. In particular, the choice of section of C does 
not enter. 
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where by A we mean the propagator A IJ in matrix form. At genus two one has 

1„ „ _ 1 



T 2 (A /J , d h . ..d In T r <2) = A IJ {^dtfjTx + | djT X djTy) 

1 



+ A IJ A KL { ^-djT x djd K d L F + ^ djdjdKdM 

Z o 
1 



[2.11) 



o 

+ j^did K dM^Q djd L d N F ), 

where we suppressed the argument x c i for clarity. 

It is easy to see from the path integral that this describes all possible degenerations 
of a Riemann surface of genus g to "stable" curves of lower genera, with A IJ being the 
corresponding contact term, as shown in the figure below. Stable here means that the 
conformal Killing vectors were removed by adding punctures, so that every genus zero 
component has at least three punctures, and every genus one curve, one puncture. i 






•tO-GD-iGGO 
tGTKX>*Ge£> 



Fig. 1. Pictorial representation of the Feynman expansion at genus 2 in terms of degenerations 
of Riemann surfaces. 

Mirror symmetry and Gromov-Witten theory picks out the real polarization which is 
natural at large radius where instanton corrections are suppressed, and where the classical 
geometry makes sense. However, also by mirror symmetry, there is a larger family of 
topological A-model theories which exist, though they may not have an interpretation as 
counting curves. 

For a generic element M of Sp(2n, 2), Q2.8Q simply takes one polarization into another. 
However, for M in the mapping class group V C Sp(2n : TL) 1 the transformation Q2.8Q should 



6 Note that in particular this implies that at each genus, the equations are independent of the 
choice of section of C we made, the left and the right hand side transforming in the same way. 
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translate into a constraint on J-~ g , since V is a group of symmetries of the theory. We will 
explore the consequences of this in the rest of this paper. 



2.2. Holomorphic Polarization 

Instead of picking a symplectic basis of Hs(X) to parameterize the variations of com- 
plex structure on X, we can choose a fixed background complex structure Vt e H 3 (X, C), 
and use it to define the Hodge decomposition of H 3 (X,<C): 

H 3 = H 3 >° © i? 2 ' 1 © if 1 ' 2 © H ' 3 . 

Here O is the unique H 3,0 form and the Left's span the space of H 2,1 forms, where 
Di = di — diK and K is the Kahler potential K = log[z JV ft A ft]. This implies that: 

u = ipvt + z l D t n + z l + ^n, (2.12) 

where (ip^ 1 ), and z l ) become coordinates on the phase space.@ Correspondingly we 
can express \Z) as a wave function in holomorphic polarization 

(z i MZ) = Z(z\<p). 

The topological string partition function Z(z l , depends on the choice of background 
O, and this dependence is not holomorphic. This is the holomorphic anomaly of |J. One 
way to see this is through geometric quantization of H 3 (X) in this polarization |[40|| . We 



will take a different route, and exhibit this by exploring the canonical transformation from 
real to holomorphic polarizations. Using special geometry relations it is easy to see that 



X = I UJ = z 1 + C.C 



where we defined 



in terms of 



pi = I uj = tijz j + c.c 

Br 



z 1 = ifX 1 + z'D.X 1 



X 1 = / O, P/ = / ft, 

'A 1 JBx 



7 Since u for us does not live in H 3 (X, IR), but rather in H 3 (X,<C), <p and z l are not honest 
complex conjugates of <p, z % . 
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and where 

From this it easily follows that 

dpi A dx 1 = (r - ^udz 1 A dz J 
and hence the canonical transformation from (x 1 ,pi) to (z 1 ,z T ) is generated by 

dS(x, z) = pidx 1 + (r — f)ijz ' dz J . 

This corresponds to 

1 1 

S(x, z) = -^ti J x I x J + x J (r - f)uz J - 2 zI ( r ~ f )u z ' 3 + c i 

where c is a constant, but which can now depend on the background. 

In the quantum theory, this implies that the topological string partition function in 
the holomorphic polarization is related to that in real polarization by: 

Z(z;t,t) = J dx e -8(*,*)/al z(x) (2.13) 

where t l are local coordinates on the moduli space, parameterizing the choice of back- 
ground, i.e. X 1 = X 1 ^). Note that all the background dependence of Z(z) comes from 
the kernel of £.! Let 

c(X,X) = -^i(X) - ilog[det(r - f)](X,X) - - 1) log(^), (2.14) 

where x the Euler characteristic of the Calabi-Yau. 

Consider now the perturbative expansion of the integral. For simplicity, let us pick 

<p = l, z* = 0, 
so that z 1 = X 1 . The saddle point equation, which can be written asi 

(f (X) - r(x cl )) u x J cl + (t(X) - f(X))u z J = 0, 



In what follows, we will use hats to label quantities which are not holomorphic. 
9 We used here the special geometry relation pj = tijx j . 
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has then a simple solution, 

4i = x 1 . 

Expanding around this solution,0 we can compute the integral by summing Feynman 
diagrams where 

-(t(X) - f(X)) u (2.15) 
is the inverse propagator, and derivatives of T g , 

d h ...d In T g {X), 

the vertices. That is, we get 

f g [t, t) = T g {X) + T g (- (( T - f)- 1 )" ,d h ... d In T r<9 {X)) (2.16) 

where the properties of the functionals T g obtained by the Feynman graph expansion have 
been discussed in the previous section. 



Finally, one can show |3!J that Z satisfies the holomorphic anomaly equations of 



Differentiating the left and the right hand side of (|2.13| ) the with respect to t we get 

d g 2 - v, d 2 d 

In the above equation, CV^ is the amplitude at genus zero with three punctures, Gja is 
the Kahler metric, and CJ = e 2K Cj^G^ G kk . It also satisfies the second holomorphic 
anomaly equation0 



-1 + d t K(z J ^- - <p-?-)]Z = - diT x -(—- l)diK - — r 

OP V dz3 dip !] [y dz* V 24 ; 2g\ 



The second anomaly equation implies that Z has the form 

Z{<p, z;t,t) = exp(]T ^ £ 9 - 2 ?tL..iJ X ■ ■■z in V 2 - 29 - n ~ (|j - 1) log?) 

9,n 



10 It should now be clear why ( [2.14| ) is natural. The above normalization of the integral ensures 
that Z contains no one loop term without insertions (the vanishing of genus zero terms with zero, 
one and two insertions is automatic in the saddle point expansion.) 

11 We used here the explicit form of Fx from @ , from which follows that diF\ + (Jj — l)diK = 
diFx - |ftlog(r-f). 
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where ^ ,...,„ = D h . . . D in f g for 2g - 2 + n > 0, and zero otherwise, for some j^'s, a 
fact that we will need later. 

The holomorphic polarization, as explained in [|6l,[40| is the natural polarization of 
the topological string theory, in the following sense. The topological string is obtained 
by twisting a physical string on the Calabi-Yau at some point in the moduli space. The 
physical string theory naturally depends not only on X, but also on I, so the space of 
physical theories is labeled by (X, X) . After twisting, it is natural to deform by purely 
topological observables which are in one-to-one correspondence with the h 2,1 moduli - 
we have parameterized the resulting deformations by z l above. While one would naively 
expect the topological theory to depend only on z, this fails and the theory depends on 
the background (X, X) that we used to define it as well. 

2.3. Local Calabi-Yau Manifolds 

In the previous subsections we assumed that the Calabi-Yau X is compact. In this 
subsection we explain the modifications required in the local case. We can derive the 
results of this section by viewing the B-model on a local Calabi-Yau simply as a limit of 
the compact one. This is the perspective that was taken in |T0,^3]. Since today, there is 
now far more known about the topological string in the local than in the compact case, 
it is natural to work directly in the language of local Calabi-Yau manifolds. For a string 
theory on a non-compact Calabi-Yau manifold, gravity decouples. As a consequence, the 
moduli space is governed by rigid special geometry, and not local special geometry as in 
the compact Calabi-Yau case. The partition functions are no longer sections of powers of 
line bundle £; the latter disappears altogether. 

Consider the local Calabi-Yau manifold given by the equation 

X : uw = H(y,z) (2.17) 

in C 4 . This has a holomorphic three- form u given by 

du 

u = — Ady Adz. (2.18) 
u 

The Calabi-Yau can be viewed as a C* fibration over the y — z plane where a generic fiber 
is given by uw = const. It is easy to see that the 3-cycles on X descend to 1-cycles on a 
Riemann surface £ given by 

£ : = H(y,z), 
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and, moreover, that the periods of the holomorphic three- form u> on X descend to the 
periods of a meromorphic 1-form A on £ 



u= / A 

3— cycle J 1— cycle 

where 

A = ydz. 

On a genus g Riemann surface there are 2g compact 1-cycles that form a symplectic 
basis,0 i = 1, . . . , g, 



Let 



A l f]Bj =5). 



x l = / A, Pi= A; 



the x l, s are the normalizable moduli of the Calabi-Yau manifold. However, since the 
Calabi-Yau is non-compact, H(y : z) may depend on additional parameters which are non- 
normalizable complex structure moduli s a . Corresponding to these, there are compact 
3-cycles C a in H 3 (X) and 1-cycles on £ such that 

s a = [ A. 

Jc a 

But, since the homology dual cycles to the C a are non-compact, the metric on the moduli 
space along the corresponding directions will not be normalizable. As a consequence, the 
s a are parameters of the model, not moduli. 

This implies that the monodromy group V corresponds to elements of the form 

pi = Ai J pj + BijX J + E ict s a 

. .. . . (2-19) 

x l = C lJ Pj +D l jX J +F\s a 

where s a , being parameters which do not vary, are monodromy invariant. Since V preserves 
the symplectic form 

dx 1 A dpi. 



12 This is a slight over-simplification. Since the Riemann surface is non-compact, it can happen 
that one cannot find compact representatives of the homology satisfying this, and that instead 
one has to work with A 1 n Bj = n!-, with integral. We will see examples of this in the later 
sections. Since it is very easy to see how this modifies the discussion of this section, we will not 
do this explicitly, but assume the simpler case for clarity of presentation. 
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we have that 

A B 
C D 



eSp(2g,Z). 



Note that, while pi and x J transform in a somewhat unconventional way, the period matrix 

_ _ _d_ 

TlJ ~ dxl Pi 

transforms as usual: 

f = (At + B)(Ct + D)- 1 . 
The corresponding generator of canonical transformations is easily found to be 

S(x, x) = - \{C- 1 D) jk x^x k + (C- 1 )^* - l -{AC- l ) jk Vx k 
+ C^xiF* a s a - E ia x l s a . 

In the quantum theory, once again x 1 and pj are promoted to operators with canonical 
commutation relations 

[j,Pj]=£fij- 

The B-model determines a state \Z), and a wave function 

Z(x*) = (x l \Z). 

The wave function depends on the choice of real polarization, the different polarization 
choices being related in the usual way: 

Z(x) = J dx e- s{x > i)/9 ° Z(x). (2.21) 
Computing the path integral, in the saddle point expansion around ( |2.19|) , we find that 



A l3 =-(t + C~ 1 D) ij (2.22) 
is the inverse propagator, and derivatives of T g , 

d ix ...d in T 9 {x cl ), (2.23) 

the vertices. This implies that 

F g = F g +T g {A ij 1 d il ...d in ^ r<g (x cl )) , 
13 



where the propagator A lJ is related to ( |2.22|) by A lJ = 5 l k . 

Now consider the holomorphic polarization. Once again, we pick a background com- 
plex structure, this time by picking a meromorphic 1-form A on E. Since we are not 
allowed to vary the C a periods, any other choice of complex structure differing from this 
one by normalizable deformations only corresponds to picking a 1-form 

A = A + z i diA + z 4 5 Z A; 

here the ^A's span a basis of holomorphic (1, 0)-forms on E and correspond to infinitesimal 
deformations of complex structures. This gives us a holomorphic set of coordinates on the 
phase space (z\ z l ) which are canonically conjugate, and allows us to write the wave 
function in the holomorphic polarization: 

Z(z') = (z*\Z). 

We also need the relation between the two polarizations. Let 



X 1 = A, P % = / A, s a = / A. 

It is easy to see that 

dx % A dpi = (nj - fij)dZ l A dZ j 
where Tij(X) = dPi/dX^ depends on the background and we put 

Z l = z J djX\ 

The corresponding canonical transformation is easily found: 

s (x , ,) = \ n, ( X - x T ( x - xy + ( r - f)„ z-( x - xy - \ ( r - ?),, rz> + p, x : 

The wave functions in holomorphic and real polarizations are now simply related by 

Z(z) = J dxe- §(x > z)/9 ° Z(x) (2.24) 
The saddle point equation reads 



fix^ixd - xy + (t(x) - f(x)) tJ zi - (p - p)i = o, 

14 



and if we put z l = 0, which corresponds to Z vanishing, it has a simple solution: 

4i = x\ 

Expanding around this, we get a Feynman graph expansion with inverse propagator 

-(r(X)-f(X)) y 

and derivatives of J r g (X) as vertices. This gives the by now familiar expansion relating 
the partition functions in holomorphic and real polarizations: 

r g {t,t)=r g {t) + Y g [ r {{T-f)- 1 ) l \ d^...d ln F r<g {X)) . (2.25) 

Before we go on, it is worth noting that the wave function in holomorphic polarization 
satisfies a set of differential equations, expressing the dependence of Z on the background - 
the local holomorphic anomaly equations. These can be derived easily by differentiating 
both the left and the right hand side of ( |2.24| ) with respect to i (here, t % is the local 
coordinate parameterizing the choice of background, X = X(t)). This is straightforward, 
we state here only the answer: 

Fi i Ft 1 

-4z = - g 2 s CJ k ——-7-— — -rZ (2.26) 

where indices are raised by the inverse g lJ of the Kahler metric on the moduli space 
g^ = d i X k (T-f) M 3 3 X t . 

In summary, apart from a few subtleties, the quantum mechanics of the compact and 
local Calabi-Yau manifolds are analogous. In the following section we will use the language 
of the compact theory, but everything we will say will go over, without modifications, to 
the non-compact case as well. 



3. A First Look at the T Action 

In this section we take a first look at how topological string amplitudes behave under 
monodromies. On general grounds, V is a group of symmetries of the physical string 
theory. This implies that the state \Z) in the Hilbert space that the topological string 
partition function determines should be invariant under monodromies. The associated 
wave functions, however, need not be. By definition, the wave function in real polarization 
requires a choice of symplectic basis of on which Y acts nontrivially; thus, it cannot be 
monodromy invariant. By contrast, the wave function in the holomorphic polarization is 
the physical partition function. It is a well defined functionlll all over the moduli space; 
however, it is not holomorphic. 

13 We are assuming a definite choice of gauge, throughout. Of course, changing the gauge, the 
amplitudes transform as sections of the apropriate powers of C. 
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3.1. The Wave Function in Real Polarization 

Given a symplectic basis {A 1 , I = 1, . . .n of Hs(X, Z), with n = ^63, a pick a 
definite 3-form u in i7 3 (X,C). The topological string partition function determines a wave 
function 

Z{x T ) = {x T \Z) 

where 

x 1 = I u, 

J A 1 

and a corresponding state |Z) in the Hilbert space obtained by quantizing H 3 (X,<C). Having 
picked a definite section u of the line bundle £, x 7, s and Z(x r ) are at least locally, functions 
on the moduli space 

x 1 = x I (i(j). 

where the n — 1 variables ip % are some arbitrary local coordinates on M. For definiteness, 
we take here the Calabi-Yau manifold to be compact, but everything carries over to the 
non-compact space as well, the only real modification being that there the moduli space 
would have dimension n, instead. 

The moduli space M. has singular loci in complex codimension 1 around which the 
cycles A 1 ,Bj undergo monodromies in Y. As one goes around the singular locus, by 
sending ifj 

for 7 an element of T, the periods transform as 

- (>K*=^(>) W 

where M 7 is a symplectic matrix corresponding to 7. 

What happens in the quantum theory? The monodromy group V is a symmetry of 
the theory, so the state \Z) determined by the topological string partition function should 
be invariant under it: 

\Z) - \Z). 

The state (x(ip)\, by contrast, is not invariant. There are two ways to express what happens 
to (x\ under monodromies. On the one hand, x 1 is a function of tp, so we get a purely 
classical variation of the ket vector 

(x(V0| -> (x(7»|. 
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But on the other hand, we have seen in section 2 that any element M 1 e Sp(2n, Z) acting 
classically on the period vector has a unique lift to the quantum theory as an operator U 1 
that acts on the Hilbert space. In particular, 

(x( 7 -VOI = 

Putting these facts together implies that 

(x( 1 -^)\Z) = (x(^)\U 1 \Z), 
or, schematically in terms of wave functions, 

Z(x( 7 »)= / e s -Z{x^)) (3.1) 



where exp(S' 7 ) computes the corresponding matrix element of U 1 . There is one such 
equation for each monodromy transformation g and its corresponding element M 7 G T. 
Thus, the symmetry group V imposes the constraints ( |3.1|) on Z, one for each generator. 

Using the results of section 2, equation ( |3.1|) implies constraints on the free energy, 
genus by genus. For example, ( |3.1| ) implies that the free energies satisfy^ 

^(x( 7 »)=^W))+r 3 (A^, d h ...d lN F r<g ) (3.2) 

with Am 7 given by 

(AmJ /J = -{(t + C- 1 D)- 1 ) IJ , (3.3) 

where 

M — I 

S D . 

To summarize, non-trivial monodromy (with det(C) ^ 0) around a point in the moduli 
space corresponds to choosing A-cycles which are not well defined there, but instead 
transform by 

x 1 -> C IJ PJ + D 1 jx J . 

This leads to an obstruction to analytic continuation of the amplitudes all over the moduli 
space. It also lead us to the notion of "good variables" in the moduli space, which are 
implicit in Gromov-Witten computations: near a point in the moduli space, the "good" 
variables are those with no non-trivial monodromy, meaning that C IJ = 0. 



14 It is important to emphasize that this does not depend on the choice of section either. We 
could have written here simply x 1 (ip) = x 1 and x 1 (7 • ift) = C IJ pj(x) + D jX . 
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3.2. Another Perspective 

Consider instead the wave function in holomorphic polarization. Pick a background 
complex structure Q, and write 10 as in ( |2.12| ) 

u = if O + z l Dfil + z l t)Sl + ipVL. 

Using tp and z l as coordinates, we can write \Z) as a wave function in holomorphic polar- 
ization 

Z(<p,z i ) = (<p,z i \Z) 

Note that z % are coordinates on Ai, centered at Q. 

How does Z(f, z l ) transform under T? In real polarization, the non-trivial transfor- 
mation law of the wave function came about from having to pick a basis of periods (x T \, 
which were not invariant under V. In writing down the wave function in holomorphic 
polarization, that is in defining ((p, z l \, we made no reference to the periods, so Z(<p, z l ) 
has to be invariant. There is another, independent reason why this has to be so. Namely, 
Z((p, z l ) is the physical wave function everywhere on M. and as such, it better be well 
defined everywhere! 

We have seen above that the wave function in real polarization has rather complicated 
monodromy transformations under T, while the wave function in holomorphic polarization 
is invariant. Since the two polarizations are related in a simple way, we could have derived 
the transformation properties of one from that of the other. Consider for example the 
genus two amplitudes in ( |2.16|) for a compact Calabi-Yau, and in (|2.25|) for a non-compact 



one. While on the left hand side Ti is manifestly invariant under T, on the right hand side 
all the ingredients have non-trivial monodromy transformations. In fact, we have 

((r - f)- 1 )" - (Cr + D) 1 K (Cr + D) J L ((r - f)^) KL - C IL (Cr + D) J L , (3.5) 



where C, D enter Mr as in (|3.4|) , and analogously in the local case. These quasi-modular 
transformations of (r — f) _1 must precisely cancel the transformations of the genus zero, 
one and two amplitudes in real polarization. We will come back to this in the next section. 
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4. Topological Strings and Modular Forms 

In the previous section we took a first look at how the topological string partition 
functions transform under V. In this section we give a simple and precise description of 
how, and to which extent, can the discrete symmetry group T constrain the topological 
string amplitudes. Along the way, we will discover a close relationship of topological string 
partition functions and modular forms. 

On the one hand, we have seen in the previous sections that the partition function in 
holomorphic polarization satisfies 

i. F g (x, x) is invariant under V — that is, it is a modular form of V of weight zero. 

ii. j r g(x,x) is "almost" holomorphic — its anti-holomorphic dependence can be summa- 
rized in a finite power series in (r — r) . 

On the other hand, the topological string partition function in real polarization sat- 
isfies 

Hi. J- g {x) is holomorphic, but not modular in the usual sense. 

iv. T g {x) is the constant part of the series expansion of T g {x, x) in (r — f 

Forms of this type were considered by Kaneko and Zagier g3[.0 In |£| forms sat- 



isfying i. and ii. (with arbitrary weight) are called almost holomorphic modular forms 
of r. Moreover, for every almost holomorphic modular form, [[23] defines the associated 



quasi-modular form as that satisfying Hi. and iv. These are holomorphic forms which are 
not modular in the usual sense. This suggests that the genus g amplitudes are in fact 
naturally (almost) modular functions of r (and f in holomorphic polarization), which can 
be extended from functions on the moduli space M. of complex structures to the space Hx 
parameterized by the period matrix tjj on X modulo V. In the following, we will mainly 
study this in the local Calabi-Yau examples, and show that this indeed is the case, leaving 
compact Calabi-Yau manifolds for future work. 

Now, take a holomorphic, quasi-modular form Ejj(t) of T, such that 

E IJ (r 1 f) = E IJ (r) + ((r-f)- 1 ) IJ (4.1) 
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To be precise, [23] considers only modular forms of SL(2, 1L). However, this has an obvious 



generalization, at least in principle, to (subgroups of) Sp{2n,~E.). 
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is a modular form, albeit an almost holomorphic one. Since (r — r) 1 transforms under F 
as in (|3.5| ), for E IJ to be modular, E IJ must transform as 



E ij (t) -> (Cr + D) 1 K {Ct + D) J L E kl (t) + C il (Ct + D) J L . (4.2) 

Then E transforms simply as 

E"( T , f) -> (Cr + DY K {Ct + D) J L E kl {t, f) (4.3) 

Of course, E IJ and E IJ are just T C Sp(2n, 2) analogues (up to normalization) of the sec- 
ond Eisenstein series E%{t) of SL{2, Z), and its modular but non-holomorphic counterpart 
-^2( r '^) — see Appendix A. It is important to note that the transformation properties 
given above do not define E and E uniquely: shifting E IJ by any holomorphic modular 
form e of T, 

E ij (t) ^ E IJ (T) + e IJ (T) 

with e IJ (t) transforming as 

e^(r) - (Cr + (Cr + D) \ e KL (r), 



we still get a solution of (|4.2|) . 

With this in hand, one can reorganize each T g as a finite power series in E with 



coefficients that are strictly holomorphic modular forms |2^j . In particular, the free energy 
at genus g in holomorphic polarization can be written as 



^ 9 (r,r) = h^(r)+(h^)rjE IJ (r,f)+. . Mh^W-h,-. E^{t,t) . . for), 

(4.4) 

where h g (t) are holomorphic modular forms of T in the usual sense. Moreover, taking 
jF ff (r, r) and sending r to infinity,!^ 

Tg{r) = Jim T g {r, r) 



By sending f to infinity what we really mean is keeping the constant term in the finite 
power series in (r — t) _1 . For SL(2,~Z.), this is simply the isomorphism between the rings of 
almost holomorphic modular forms and quasi- modular forms described in J23[ j, which can be 
easily generalized to Sp(2n, 7L). 
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we recover the modular expansion of the partition function in real polarization: 

W = hf{r) + (h g %jE IJ (r) + ... + (h^) h ..j 6g _ 6 E^(r) . ..E^-^(r). 

This gives us a way to construct modular invariant quantities out of the free energy 
and correlation functions. For example, it is easy to see that the highest order term in 
the (r — r) _1 expansion of T g is always modular. It is constructed solely out of genus 
zero amplitudes, as it corresponds to the most degenerate genus g Riemann surface that 
breaks up into (2g — 2) genus zero components with three punctures each. Moreover, it 
follows that didjdx^o is itself modular and corresponds to an irreducible representation 
— a third rank symmetric tensor: 

didjd K Fo^ ((Ct + D)- 1 ) 1 '; ((Cr + DrYj ((Ct + D)- 1 )^ d r dj>d K '^ (4-5) 

which can be verified directly as well. 

From h g °\ we get a modular forms of weight zero, constructed out of T g and lower 
genus amplitudes via 

(ftW)(r) =T 9 (t) + T 9 {E ij {t) ) d h ...d lN F r<g ), (4.6) 

where F g is the functional introduced in the previous sections. While none of the terms 
on the right hand side is modular on its own, added together we get a modular invariant 
of r. We can turn this around and read this equation as follows: given the genus r < g 
amplitudes and the propagator E IJ , the free energy .F 5 (t) is fixed, up to the addition 
of a precisely modular holomorphic form h g °^l In practice, this means that h g ^ is a 
meromorphic function on the moduli space.0 
We can write this compactly as follows. Let 

oo 

W(r) = £^(r) g 2 r 2 

3=1 

17 As stated in section 2, throughout we assumed a definite choice of a gauge, and picked a 
3-form u as a definite section of C. Like J-" g 's, hg depend on this choice - they are sections of 
£ 2 ~ 2g j so is more precisely a meromorphic section of C 2 ~ 2g . On a non-compact Calabi-Yau, 
however, it is simply a meromorphic function. 
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be the generating functional of weight zero modular forms, and define the generating 
function of correlation functions 

where the sum over n runs from zero to infinity, except at genus zero and one, where it 
starts at n = 3 and n = 1, respectively. Then, the above can be summarized by writing 

exp( U{x)) = J dy exp( E u V^ 3 ) ex P( x ) ) 

where Ejj is the inverse of E IJ , 

E IK E KJ = 5 j. 

This follows directly from the path integral of section 2 relating the wave functions in the 
real and holomorphic polarizations, which we can be written as 

Z(x,x) = j dyi-^iE-^uy'y 7 ) exp(W(y,x)) 

where one views E as a perturbation. 

Furthermore, one can show that similar equations hold when T and E are replaced 
by their no n- holomorphic counterparts. To see this, note that the inverse of ( |2.13|) is 



Z(,)=/ rf ,W%;X,X), ,4.7) 

with all the quantities as defined in section 2. If we choose the background X 1 = x , 
this has a saddle point at z 1 = x . Expanding around it, by putting z 1 = x 1 + y where 
y 1 = —(px 1 + z l D i x I , and integrating over y, we get 

Z{x)= / dy exp( — \ (r - f )uy I y I ) exp( VV(y; x, x) ), 

where 

x, x) = 9s g ~ 2 £,((1 - ¥>)z + ^Ax, x) 

= E ^ C 1 - V?- 29 - n z 11 --- z in D h . . . D in f g (x, x) - - 1) log(l - p). 
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From this, and thinking about Z(x) in terms of a power series in E, it follows immediately 
that 

exp(W(aO) = J dy exp( E u {x, x) y V) exp( W(y, x,x)). (4.8) 

The equation ( [4.80 has appeared before. In the seminal paper || the authors derived a 
set of equations that the physical free energies T g must satisfy, through analysis of the 
worldsheet theory. These equations were interpreted in [HD[ as saying that the topological 
string partition function is a wave function in the Hilbert space obtained from the geomet- 
ric quantization of H 3 (X,C) , the fact that we used repeatedly here. Holomorphic anomaly 
equations (and modular invariance) constrain what the topological string amplitudes can 
be. Here we described the solutions to the equations using symmetry alone. The con- 
struction of the propagators E, which was the guts of the method of for solving the 
equations, was quite complicated. The answers were messy, with ambiguities that had no 
clear interpretation. Now, the meaning of the propagators E IJ and E IJ is simple and 
beautiful — they are simply generators of (almost) modular forms of the symmetry group 

n 

The only remaining thing to show is that the propagators of our expansion and of 
agree. In || the authors gave a set of relations that the inverse propagators satisfy (p. 
103 of ||]). It is easily shown that our propagators (|4.1|) satisfy these relations (for any 
holomorphic form Ejj). Let 

E vip = Ei j x 1 x J , E vi = E I3 x 1 DiX J , E i3 = E u DiX 1 DjX J , 

where Di is the Kahler covariant derivative Di = di — diK and K is the Kahler form of 
the special geometry of X. Then, with a bit of algebra it follows that these satisfy 

&lEjk = C^EjnjEnk + GjjE^k + GjfcEpj 

diEjp = C^EmjEntp + GijEptp (4.9) 
[hE = C^E E 

where 

= didjK, Of 171 = e 2K G mm G nn C- iiflfll C- iiflfl = CukDjx 1 Djx J D^.x K . 



The equations ( [4~9| ) are exactly the equations of with obvious substitutions. 
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4-1. A Mathematical Subtlety 

As we have shown in the previous sections, our results are completely general and apply 
to both non-compact and compact Calabi-Yau threefolds. However, to make contact with 
the theory of modular forms in mathematics there is an important subtlety that we have 
not mentioned yet. 

In the theory of modular forms, the period matrix tjj acquires a crucial role. A 
modular form is defined to be a holomorphic function / : Tik — > C satisfying certain 
transformation properties, where TCk is the Siegel upper half-space: 

H k = {re Mat fcxfc (C)| t t = r, r - f > 0}, 

which is the space of k x k symmetric matrices with positive definite imaginary part. The 
period matrix is the r in the definition of the Siegel upper half-space. Note that strictly 
speaking, this defines Siegel modular forms; proper modular forms are obtained for k = 1.0 

For the non-compact case, the mirror symmetric geometry reduces to a family of 
Riemann surfaces of a certain genus. Thus, it is clear that the period matrix r/j has 
positive definite imaginary part. Therefore, in this case our results should be interpreted 
mathematically as Siegel modular forms, where k depends on the genus g of the Riemann 
surface. In particular, if the mirror geometry is a family of elliptic curves, k = 1, and we 
recover proper modular forms. 

However, in the compact case the situation changes slightly. The period matrix rjj 
does not have positive definite imaginary part anymore; it has signature (h 2,1 , 1), as ex- 



plained for instance in ||15|1 . Thus, in this case the Siegel upper half-space is not the relevant 
object anymore, and we cannot make contact directly with Siegel modular forms. This 
seems to call for a new theory of modular forms defined on spaces with indefinite signature. 
It would be very interesting to develop this mathematically. 

Another possibility, in order to make contact with already known mathematical con- 
cepts in the compact case, is to replace the period matrix tjj by a different but related 
matrix A/jj — see for instance |15[] for a definition — which has positive definite imaginary 
part, but is not holomorphic. This is usually done in the context of supergravity. Roughly 
speaking, it amounts to replacing the intersection pairing by the Hodge star pairing. In 
that way perhaps we can come back into the realm of Siegel modular forms, perhaps along 



the lines of what was done in |L5| in a related context. 

In the following sections we will give applications of the modular approach we have 
developed so far, for local Calabi-Yau threefolds. 
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See Appendix A and B for definitions and conventions. 
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5. Seiberg-Witten Theory 

As is well known, type II string theory compactified on local Calabi-Yau manifolds 
gives rise to TV = 2 gauge theories in four dimensions. The topological string theory on 
these manifolds computes topological terms in the effective action of N = 2 Seiberg-Witten 
theory with gauge group G f|^4|]. These terms are summarized in a partition function 

Z sw = exp(X 2 ^ 2 ^ g (a)) , (5.1) 

where T g coincides with the genus g topological string free energy, and the a's are local 
parameters in the vacuum manifold of the gauge theory. Each term in ( |5.1| ) has a physical 
meaning in the effective action of the M = 2 gauge theory. The genus zero topological 
string amplitude yields the exact gauge coupling 

Tlj ddidcij ' ^ 

with i,j = l,...r, where r = rank(G), while the higher genus topological string amplitudes 
yield the gravitational coupling of the self-dual part of the curvature R + to the self-dual 
part of the graviphoton field strength f dx 4 J r g R 2 ^_F^ g ~ 2 . The J r g (a) , s for g > 1 were in 



fact extensively studied in the weak electric coupling limit ||32|| . 

The corresponding Calabi-Yau manifold is given by an equation of the form (|2.17| ) with 
an appropriate H (y, z) depending on the theory. For example, for G = SU (n) without 
matter, 

H(y,z)=y 2 -(P n (z)) 2 + l (5.3) 

where P n (z) = z n + U2Z n ~ 2 + . . .u n , and the holomorphic 3-form is given by ( |2.18|) . The 
parameters Ui are complex coordinates on the moduli space of the Calabi-Yau. In the 
gauge theory, they correspond to the expectation values of the gauge invariant observables 

Uk = — Tr(^> fc ) + products of lower order Casimirs, (5.4) 
k 

where 4> is the adjoint valued Higgs field. 

The family of Riemann surfaces obtained by setting 

E s : H(y,z) = 

is the Seiberg-Witten curve of the gauge theory. The genus g of the Riemann surface is 
the rank of the gauge group r. The gauge coupling constant Im(rij) is the period matrix 
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of the Riemann surface. Alternatively, is the complex structure of the Jacobian of the 
Riemann surface E 5 , which is an abelian variety. The abelian variety is spanned by the 
periods 

' a D l \ _ I Pi 



(5.5) 



with i = 1, . . . r, and where the A- and B-cycles generate the symplectic integer basis of 
Hi(E g , Z). Here A is a meromorphic differential, which is part of the data of the theory. 
As explained in section 2, in the string theory context, A comes from the reduction of the 
holomorphic 3-form of the parent Calabi-Yau threefold to a one-form on S 3 . For theories 
with matter, there can be additional periods on S 9 — A then has poles whose residues 
correspond to the mass parameters. 

The monodromy group F of the curve E 3 , which is naturally a subgroup of Sp(2r, Z), 



played the central role in f3q] . It is generated by the BPS particles going massless at 
a codimension one loci in the moduli space and captures the non-perturbative duality 
symmetries of the M = 2 gauge theory, since it acts non-trivially on the coupling constant 
Tij. From the monodromies of the periods around the perturbative limits in the moduli 
space, showed that one can deduce the periods themselves everywhere in the moduli 
space — this is the Riemann- Hilbert problem — and hence also and JF . It is then 
very natural to ask what does the group F of symmetries imply about the full partition 
function Z$w- In fact, this question, and the close relation of Seiberg-Witten theory and 
topological strings in general, is what motivated this paper. 

The topological string partition function is a wave function for both compact Calabi- 
Yau threefolds, studied in ||, and non-compact Calabi-Yau threefolds, as we have seen 
in section 2. This implies that the Seiberg-Witten partition function [^Oj Z$w is a wave 
function, arising by geometric quantization of £Zi(E 5 ) — see [J21| . In particular, in holo- 
morphic polarization, it satisfies the local holomorphic anomaly equation ( |2.26| ). In fact, 
it would be very interesting to derive this directly from the M = 2 gauge theory. 

Since the partition function Zsw is known, this gives us a testing ground for exploring 
the restrictions that follow from the duality symmetries generated by F, but now acting 
on the full quantum wave function Zgw^ 
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The observation that duality transformations imply quasi-modular properties of the Fg's has 



been made earlier in [12|. However, their results are different from ours in that their partition 
function Z = expF does not transform like a wave function; rather, it transforms by Legendre 
transformations of T. 
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5.1. Seiberg-Witten Theory and Modular Forms 

One crucial property of the abelian variety is that Im(r^) > 0, which ensures positivity 
of the kinetic terms of the vector multiplet. Thus, in this case the period matrix can 
be used to define the Siegel upper half space 7i r as 

H r = {re Mat rXr (C)|r T = r, Im(r) > 0}. (5.6) 

The monodromy group V C Sp(2r, 2) of the family of Riemann surfaces T, g acts on Tjj as 

T _> (At + B)(Cr + D)- 1 for ^GT. 

Thus, in principle, we should be able to give explicit expressions for the Seiberg-Witten 
higher genus amplitudes in terms of Siegel modular forms under the corresponding sub- 
group r C Sp(2r, 2) (see appendix B for a brief review of Siegel modular forms). To start 
with, however, let us consider SU (2) gauge theory, where the modular group V C SL(2, Z), 
and correspondingly standard modular forms suffice. 

i. SU (2) Seiberg-Witten theory 

The curve of the 577(2) gauge theory can be written as0 



y 2 = (x 2 -l)(x-u). (5.7) 

There are three singular points in the moduli space, corresponding to u = ±l,oo with 
monodromies 



acting on 



20 As explained in [36| there are two curves corresponding to this gauge theory, differing by 
a factor of 2 in the normalization of the A-period and electric charge. The curve at hand has 
#(Af~)B) = 2 between the generators of -ffi(£, Z). The curve which is the n = 2 specialization of 
(|5.3| ) has the A-period A' = A/2. Correspondingly, the modular groups will differ: in the second 
case we would get the Tq(4) subgroup of SL(2, 7L) instead of T(2). 
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where 

#(AnS)=2. (5.9) 



The monodromies (|5.8|) generate the T(2) subgroup of SL(2,W); that is, the subgroup of 
2x2 matrices congruent to the identity matrix, modulo 2. The x = a, p = are by now 
canonical variables of Seiberg-Witten theory [|35 |, so we will mainly use that notation. 



The periods a, an solve the Picard-Fuchs equation 

CU = 0, 

where £ = 6(9 — 1) — it 2 (6> — ^) 2 and 6 = u-J^. From the previous sections, we can predict 
that the genus g amplitudes T g of this theory are (almost) modular forms of T(2), with 
definite transformation properties. Since the higher genus amplitudes are known from 
3^,[H[ , they will provide a direct check of our predictions. 

The parameter r of the modular curve is defined by r = or in usual Seiberg-Witten 
notation 

Solving the Picard-Fuchs equation for the periods, we can obtain r as a function of u. 
Alternatively, we can proceed as follows. Recall that the j-function of the elliptic curve, 
which has the g-expansion 

j(r) = - + 744 + 196884Q + . . . 

q 

where q = e 27FZT , provides a coordinate independent way of characterizing the curve. 
Roughly speaking, elliptic curves are the same if their j-functions are equal. Bringing 
the equation ( |5.7| ) of the family of elliptic curves in Weierstrass form 

y 2 = 4x 3 - g 2 x - g 3 (5.11) 

the j function can be computed as 

j = 1728 „ %- 9 . (5.12) 
For the family of elliptic curves ( |5.7|) , this gives 



64(3 + u 2V6 
[u 2 - 1) : 
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Then, using the (/-expansion of the j-function, we get a g-expansion for u, in the large u 
limit: 

u = V 1 / 2 + h -q 1 ' 2 - ^V 2 + 27^ + 0(q 7 / 2 ). 
o 2 4 

However, what we want is an expression of u in terms of r which is valid everywhere 
in the moduli space, not just a g-expansion when u is large; in other words, we want to find 
the modular form of T(2) which has the above g-expansion. Since it is a good coordinate 
on the moduli space, which is the quotient of the Teichmuller space by T(2), it has to be 
invariant under T(2); i.e., it must be a modular form of weight zero. For a brief review of 
modular forms of T(2), see Appendix A. 

The modular forms of T(2) are generated by the following ^-constants: 

6(r):=^(r), c(r) := flj(r), d(r) := ej(r) 
which all have weight 2. These are not independent, but satisfy the relation 

c = b + d. 



It is easy to show that [21 



c + d 
u(t) = —t—{t). 



which is modular invariant, as claimed. 



The genus one amplitude [30 



(5.14) 



(5.15) 



can be rewritten, using the results we have obtained so far, as [26 



T x {r) = -\o % j]{r) (5.16) 

where rj(r) is the Dedekind ry-function. Note that this transforms under modular transfor- 
mation in r(2) exactly as predicted in section 2, namely 



Ct + DJ v ' 2 ^t + C^D 
(up to a constant that is irrelevant, as only dT\ is well defined) .0 



21 In this case, T\ transforms in this way under the whole SL(2, Z), but this is an accident 
of the model. In particular, had we worked with To (4) (and hence with r = r/2), T\ would 
transform like this under To (4), but not under the full SL(2, 7L). 
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Next, from section 4, we expect that 9 d ^° = |^ is a modular form of weight —3. 
Using the fact that S- = f^^j, the modular expression for u ( |5.14|) and the modular 
expression for ^ obtained by combining ( |5.15|) and Q5.16Q , we get 

<j3 f (a) = ~ (5.17) 



da 3 c d 

which indeed transforms as expected. 

Now, consider the genus two amplitude. In |21 it was shown that this can be written 

as 

T 2 {t) = hf{r) + h£\r) E(t) + h^(r) (E(r)) 2 + h^(r) (£(r)) 3 (5.18) 

where the propagator E(r) is given in terms of the second Eisenstein series 

s 2-rti „ . , 
E(t) = —E 2 (r), 

and the modular coefficients are 

4°) = ( c + d)(16b 2 + 19cd) X 
30 

,W __0 f JL^ ^2 



/ « \ 2 (5.19) 

\27TZ / 



^3)=-- \ — \X 



'2 



6 ^ 3 



where we defined 



3 \ 2ni 



x 1 



1728 c 2 d 2 ' 

We will now see that this is exactly as predicted in section 4! 

First, consider how this transforms under modular transformations in V. Note that 
the coefficients are modular forms of V of weight (—3k): 

h ( 2 h \(Ar + B)/(Ct + D)) = (Cr + D)~ 3k h { 2 k) (r) 

Moreover, k ranges from zero to 3g — 3, where g = 2 in this case. 
On the other hand E(r) transforms as a quasi-modular form: 



E((At + B)/(Ct + D)) = (Ct + D) 2 E(r) + 2 C(Cr + D); (5.20) 
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in other words it is a holomorphic form, modular up to shifts (cf. (3~2")). The fact that 
JF 2 is a finite power series in E(r), with coefficients that are strictly modular forms of 
r(2) means that JF 2 is itself a quasi-modular form of T(2), per definition. Note that the 
propagator in ( p.20|) transforms by a factor of 2 relative to (|4.2| ). This factor of two is a 
consequence of the fact that the intersection number of the A and the B periods of the 
curve is twice bigger than the conventional one (|5.9| ). It is very easy to derive this from 
section 2 and 3 (see footnote 6). 

Moreover, it is easy to check, starting from ( |5.16| ), ( |5.17|) and (|5.18| ) (with the help of 
some standard modular formulae given in appendix A), that JF 2 transforms under modular 
transformations exactly as predicted in section 3. To do so, note that, looping around u = 1 
for example, simply acts on r by the T(2) C SL(2,W.) transformation Mi given in (|5.8|) . 
Using the usual transformation properties of modular forms and the expression ( |5.18| ) for 
Ti in terms of modular forms of T(2), it is then easy to work out the transformation 
property of Ti under M\. 

Furthermore, while the T g and the vertices , . . . , di n T g are not quite modular, the 
combinations 

F g (T)+T g (E(r), d h ...d in F r<g ) = hf\r) (5.21) 

are exactly invariant under modular transformations and agree with h g (r), as expected 
from section 4. 

We can trade quasi-modular forms for almost holomorphic forms by replacing E(t) 
in all formulae by its modular, but not holomorphic counterpart 

E(t,t) = E(t) + 



T — T 

which transforms as 

E{ (At + B)/(Ct + D), (Af + B)/(Cf + D) ) = (Cr + D) 2 E(t, f ). 

Also, note that T\ can be made exactly modular by writing 

A(T,f) = -log((r-f)^(T))| 2 ). 

This is exactly the one-loop amplitude of the local Calabi-Yau in holomorphic polarization. 
More precisely, it is only the holomorphic derivatives -§^Fi, and -§^^1 that are physical, 
but this is the natural way to write it. 

Finally, E(t, f) is exactly the propagator of Q! One has that 

T g {j, f ) + T g (E(r, f), d h , . . . , d in T r<g {r, f )) = hf\r) (5.22) 

is strictly holomorphic, with the same modular form hg (t) as in (|5.21| ). 

In the next subsection, we consider gauge groups of higher rank, corresponding to 
Riemann surfaces of genus higher than one. 
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5.2. The SU(n), n > 2 Seiberg-Witten Theory 

As mentioned earlier, the Riemann surface corresponding to SU(n) Seiberg Witten 
theory is a genus g = n — 1 curve 

y 2 - (P n (z)) 2 + A 2n = (5.23) 

where 

P n (z) = z n + u 2 z n - 2 + ... u n+1 . 
The singular loci in the moduli space correspond to the zeroes of the discriminant 

A = Y[(e t (u)- ej (u)) 2 (5.24) 

where ei(u) are roots of P n (z, u) 2 — A 2n . That is, at the values of the moduli u for which 
any pair of roots come together ei{u) — > ej(u), the curve becomes singular. There is a 
natural basis of (n — 1) A-cycles corresponding to pairs of branch points that pair up as 
A goes to zero. This corresponds to points where the non-abelian gauge bosons become 
massless in the classical theory. The monodromy group V C Sp(2g, 2) of the quantum 
theory can be determined |f25| |, by following the exchange paths of the branch points. 



We will leave the detailed analysis of this and the corresponding implications for the 
structure of the topological string amplitudes as an interesting exercise, and only consider 
briefly the one-loop amplitude. 

On general grounds f5|J|, the one- loop amplitude in the topological string theory has 
the universal form 

^i(r) = -\ log(det(AA)) - i log(A). (5.25) 



This result was also derived in a purely gauge theory context in [p0| , |29[] . There, the authors 
computed the one-loop amplitude of the (twisted) M = 2 gauge theory on a curved four- 
manifold, namely the coefficients of the j R 2 term in the effective action. Restricting the 
curvature to be anti-self dual, R- = 0, this is precisely the term that the topological string 
computes.il This gives 

^ lW = _l log ( det (^i))_^ log(A) , (5.26) 
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Practically, in terms of [3C,2£] this corresponds to setting the signature a of the four-manifold 



equal to a = —\x where x is its Euler character. One way to see this is that it holds exactly for 
the K3, for example, where the curvature is anti-self dual. 
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where A is the discriminant of the Seiberg-Witten curve. For example, for G = SU(n) 
with curve given by ( |5.23|) , A is (|5.24|) . 

Note that the u's are necessarily modular invariants of T, as they are just parameters 
entering into the algebraic definition of the curve, and hence they do not 'talk' to its 
periods. On the other hand, A is simply a rational function of u, so also necessarily a 
Siegel modular form of V of weight zero. 

To write the full amplitude in terms of modular forms, note that from [31], 23| we have 



, da* 
det( -± 

OUi 



e 



(0,r) 



(5.27) 



where 5 = [^-, - - - » 5] and we defined the 'generalized' ^-functions with characteristic in 
appendix B. As a consequence we can write 



^i(r) = -log [9 



(0,r 



+ ^log(A) 



This is consistent with the transformation properties of T\, since [?] is a scalar Siegel 
modular form of weight 1/2. 



6. Local P 2 

We now study the local P 2 , from the mirror B-model point of view. In this case the 
mirror is a family of elliptic curves £ with monodromy group T(3). The Gromov-Witten 
theory of the local P 2 at large radius was solved in HU . Using those results, we can show 
explicitly that the predictions for modular properties of the topological string amplitudes 
are satisfied. 

Another interesting point in the moduli space of the local P 2 is the <D 3 /Z 3 orbifold 
point. One can in principle formulate the Gromov-Witten theory of the orbifold point as 
well, however the amplitudes are not yet available |33|,[3 . We now have a simple prescription 



to carry over the large radius results to other points in the moduli space, the orbifold point 
in particular, so we can make new predictions there. 
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6.1. Mirror Family of Elliptic Curves 

The mirror data is a family of elliptic curves E, given by the equation 

3 3 



i=l i=l 

in P 3 , and a meromorphic 1-form A = \og{x2 / x^)dx\ / X\. This has an obvious Z3 symme- 
try 

$ -> « = e 2 ™ /3 , 

since it can be undone by a coordinate transformation xi — > a _1 xi that affects neither E 
nor A. The discriminant A of the curve is 

A = (1 -V 3 ). 

This vanishes at the three singular points ift = 1, corresponding to conifold singularities. 

To make contact with standard elliptic functions and their modular properties we 
make a PGL(3,(D) transform to bring the equation of the curve to its Weierstrass form 

y 2 = 4x 3 - g 2 x - g 3 

with 

a(8 + ^ 3 ) 8 + 20^ 3 -^ 6 



2(2/3)24^' ^ 864^ 6 
so that its j-function is given by 

27V, 3 (8 + ^ 3 ) 3 

M = (1-^3)3 • ( 6 - 2 ) 

As usual, 

is the standard complex structure modulus of the family of elliptic curves, where we view 
E as a quotient of a complex plane by a lattice generated by 1 and r. Herell 

P= I A(^), x= f Aty) 

JB J A 



23 We use x to denote both the coordinate on the Riemann surface and the period of A. It 
should be clear from the context which meaning we assign to x. 
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where A(V>) = log(x) dy / y . Our j-function is normalized to 

j = - + 744 + 196884q + C(q 2 ), (6.4) 

q 

where q = exp(27rzr). Combining the two expressions for the j-function, we find a series 
expansion for i(j(q) in the large ifi limit: 

3-0 = — +5qi -7gi + 0(q§) . (6.5) 

Alternatively, we can obtain the same expansion by first using the Picard-Fuchs equations 
to find the periods x(ip), pOj), and then computing t(i(j) directly using the definition 
( |6.3| ). We will study in more details the Picard-Fuchs equation and its solutions in the 
next subsection. For now, we only note one interesting aspect to this. Namely, as discussed 
in section 2.3, due to the non-compactness of the Calabi-Yau, it may not be possible to 
find a basis of periods that are normalized canonically. This occurs in the present example: 
the compact B period satisfies 

#(Anfl) = -3. (6.6) 

One way to see this is in the mirror A-model: the compact parts of H4 and H2 of the 
manifold are generated by the P 2 , which we take to be mirror to the B-period, and the 
P 1 line inside it, mirror to the A period. In the Calabi-Yau, these do intersect, but the 
intersection number is —3. Correspondingly, if we put x = t, 

P = -3j t Mt), 

and therefore r = — 3 Jp-jFo(t). 

The above expression for i(j(t) is valid for Im(r) — > 00. In the next subsection, we will 
show that the local P 2 is governed by a T(3) subgroup of SX(2, Z). This will allow us to 
give a globally well defined expression for ip in terms of modular forms under T(3). 

6.2. The Monodromy Group 

The meromorphic 1-form A turns out to have a non-vanishing residue: in addition to 
the usual A and B periods — by this we mean the periods associated to the A and B 
cycles — of the genus one Riemann surface, it has an additional period, which we will call 
C. As discussed in section 2.3, the extra period does not correspond to a modulus of the 
Riemann surface, but to an auxiliary parameter. While the monodromies mix up all the 
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periods, the monodromy action on the extra period C should be highly constrained. To 
derive the monodromy action on the full period vector 




we will solve the Picard-Fuchs (PF) differential equations that IT satisfies 

£11 = 0, (6.7) 

everywhere in the moduli space. A certain linear combination of the solutions to equation 
( |6.7| ) will have the property that its monodromies are integral, and that gives II. 

Before doing that, note that, since the additional period C is just an auxiliary pa- 
rameter, the modular properties of the topological string amplitudes should be governed 
by the monodromy group of the family of elliptic curves S. It is well known that this is 
a T(3) subgroup of SL(2, 2), when viewed as a fibration over the punctured ip plane. We 
will see below that this is indeed the case. 

Now let us come back to the study of the full Picard-Fuchs equation. It is convenient 
to work in the coordinate z, centered at large radius: 

' (6-8) 



There are three special points in the z plane. In addition to the large radius point at z = 0, 
there is also the conifold point, coming from if} 3 = 1, and the orbifold point z = oo, with 
^3 monodromy around it. In this coordinate the Picard-Fuchs differential operator £ has 
the form 

£ = el + 3z(39 z + 2)(39 z + 1)9 . 

This has three independent solutions, one of which is a constant, corresponding to the 
period of A around the C— cycle. The corresponding new cycle C encircles the residue of 
A(V0- 

The solutions near large radius (z = 0) can be found by the Frobenius method from 
the generating function 



u(z,s) := 



J r(-3(n + s) + l)T 3 (n + s + 1) 
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with Cu(z, s) = 0. This gives 3 independent solutions, 

1 d* 
= jtt-ti -t-uj{z,s) 
(Ztci) 1 a l s 



j 

s=0 



i.e. u Q = 1, wi = ^q(log(z) + ai(z)) and w 2 = (log(z) 2 + 2cxi log(z) + (T 2 (z)), where 




the first orders are ai = -6z + 45z 2 + 0(z s ) and a 2 = -18 z + + 0(z 3 ). 

Linear combinations of these solutions will give the periods over cycles in integer 
cohomology. This requires analytic continuation to all singular points. The result is 

II = | t | = | u x | . (6.9) 

The factor of —3 in the above equation comes from ( |6.6|) as we explained earlier. From 
above, we can read off the mirror map, giving the A-period in terms of the coordinates on 
the moduli space, and its inverse: 

z(Q) = Q + 6Q 2 + 9Q 3 + 56 Q 4 + C(Q 5 ) . (6.10) 

where Q = e 27rit , and z is defined in (|6.8|) .li 

From this, we can also read off the monodromy of the periods IT around large radius, 
i.e. around z = (or i\) = oo). From ( |6.10|) it follows that this is equivalent to shifting t 
by one, and, since — 39JF = — | — j + 0{e K ' lt ), this gives 




M oc = I 1 1 . (6.11) 
\0 lj 

Expanding the periods at the conifold point if) = 1, one finds the monodromy 

/ 1 0\ 

Mi = -3 1 . (6.12) 




24 For the genus zero partition function this gives 

BT- ^Jx^qo 45 Q 2 244 Q 3 12333 Q 4 B 

which agrees with the Gromow-Witten large radius expansion. Using this, and the definition of r 
we can explicitly check ( |6.5| ) . 
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This is the Picard-Lefshetz monodromy around the shrinking B-cycle with intersection 
form ( |6.6|) . The C-period corresponds to an auxiliary parameter, and correspondingly the 
C-cycle does not intersect the A and B cycles. 

From Mqo and Mi, we can recover the monodromy around the orbifold point Mq, as 
holomorphy requires 

MqMiM^ = 1, 



3 





(6.13) 



This satisfies (Mo) 3 = 1, as it should, since the monodromy is of third order. Note that 
in all three cases, the monodromies act trivially on the C-period, which is consistent with 
the fact that this corresponds simply to a parameter. Moreover, the monodromy action 
on the A and the B periods generates the T (3) subgroup of SL(2, 2). 

If instead of the z-plane, we choose to work with the "0-pla.ne, then ip = is a regular 
point, with trivial monodromy around it, but instead we have three conifold singularities, 
at ip = 1, a, a 2 , with a = e 2 ^ 4 . The monodromies M in the i^-plane can be derived from 
the expressions above. For example, 



Mi = Mi 



M n 



M MiM " 



M a 2 



M 2 MiM " 



with monodromy at infinity given by M^ = MiM a M a 2. These turn out to generate the 
r(3) subgroup of SL(2, Below, we will choose to work with modular forms of T(3), in 
terms of which both ip and z will be given by exactly modular forms. 



6.3. Topological Strings on Local P and Modular Forms 

To get modular expressions for the topological string amplitudes we need to know a 
bit about modular forms of the subgroup T(3) of SL(2, 2). Essential facts about them are 



reviewed in Appendix A; for a detailed study of modular forms of T(3), see flPT 
The set of ^-constants that generate modular forms of T(3) is: 





' l 




' 1 




" l 




' 1 ' 


a:=9 3 


6 
1 


, b:=9 3 


6 

1 


, c := 6> 3 


6 
5 


, d := e 3 


2 

1 




6 




2 




6 




6 



which all have weight 3/2. They satisfy the relations [ |TT| 

c = b 



a, d = a + ab 
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and the Dedekind ^-function is given by r\ 12 = -^j^abcd. To begin with, note that since 
ip is a coordinate on the moduli space, it has to be a weight zero modular form of T(3). 
Indeed, we find that 

, . , a — c — d , 

1>{t) = — ^ — ■ (6 - 14) 

From H we know that the genus one free energy is given by 

1 , f dt\ 1 



It is easy to show, using the Q-expansion of z around z = 0, that 



Olp J] 

and that, on the other hand, 

A = l-^3 = _ 3 3^__ 

Combining these three expressions, we get 

^i(r) = -log(7/(r)) + ^log(A) = -ilog(dr/ 3 ), 

up to an irrelevant constant term. This transforms under V as — log (77) does, since the 
discriminant A is invariant, which is exactly what we predicted. As a consistency check, 
if we use the Q-expansion of q and the modular expression for T\ we get the expansion 

1 Q 3Q 2 23Q 3 4 
^ = ~U l ° gQ+ 4 -"8 3~ + 0(g) ' 

which is precisely the genus 1 amplitude of local P 2 . 

6.4- Higher Genus Amplitudes 

To find the higher genus amplitudes, we need the modular expression for the Yukawa 

d 3 

Idr 1 dip dr 



coupling Cut = 7hsJ~o- We know that 



*" 3dt 3 dt dip' 

Using the modular expressions for ip ( |6.14| ) , for Mj ( |6.15| ) , and the formulae for logarithmic 
derivatives derived in Appendix A, we get 

Cut = -3^2^- (6-16) 
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Another useful object is the r(3)-invariant Yukawa coupling, expressed in terms of the 
globally defined variable ip. We obtain 



dt \ 3 _ 9 



C 4»H> ~ J C ttt---^- (6-17) 

Using the results of the previous subsection, we can now find a modular expression for 
higher genus amplitudes, through their Feynman expansions. The propagator E(r) must 
transform under modular transformations as in ( f4.2| ) 



E((At + B)/{Ct + D)) = (Ct + D) 2 E(t) -3C(Ct + D); 

the factor of —3 comes from the intersection numbers (|6.6|) . For example, we can take 

2ni , . 
E = -—E 2 (r). 

We could have worked with the full E' = as well, since the propagator is defined 

up to a modular invariant piece; it would have only changed the modular invariant h 2 °^ . 
We obtain that the general form of the higher genus amplitudes reads 

3(9-1) 

T g = X°~ x ]T E%hf°- 3 - k \K 2 ,K 4 ,K G ) (6.18) 

k=0 

where we defined the weight —6 object 

(f 1 1 
X = = C 2 

2 9 3 4 ry 18 1536 m 

and the ring of modular forms of T(3) generating the weight 2d forms h g d ^ is given by 

2 (a — etc) 2 1 ac(a + c)(a 2 a — c) (ac) 2 (a + c) 2 

K 2 = -a , K 4 = ~2 7 4 > K 6 = . 

r] z a z — 1 r]° 

The coefficients of E 2 are fixed by the Feynman graph expansion and we obtain for example 



4°) = T 2 -X Ue\ + E 2 K 2 + \ 



h^> =F 3 - X 2 (180E% + imE\K 2 + 4E^(U5K 2 - IOO8K4) 

32 4 
+ — £f (199Kf - 1908K 2 K 4 + 648K 6 ) + -£f (563K| - 7936iffif 4 + 26496iff) 
9 5 



-i n 

+ —E 2 (U9K% - 2536KlK 4 + 119b2K 2 Kj - 3456K 4 K 6 )). 
1 5 



(6.19) 
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Now, using known results for T g in the large radius limit (obtained for instance through 
the topological vertex formalism), we can find the h^'s explicitly — this corresponds to 
fixing the holomorphic ambiguity in the BCOV formalism. For instance, we obtain 



(0) 11 1 1 

' 2 69120 ' 34560 A 7680 A 2 

(o) _ 17 269 19393 337 373 

3 ~~ 6289280 + 46448640A ~ 278691840A 2 + 2211840A 3 ~ 4128768A 4 ' 



W = + 

(6.20) 

C = — + r : o + 

6.5. The<C 3 /Z. 3 Orbif old Point 

In this section we explain how to extract the Gromov-Witten generating functions of 
the orbifold C 3 /Z3 from the large radius amplitudes, through the wave function formalism. 

Let us first discuss this theory from the mirror A-model point of view. The target 
space X is an X =(D 3 /Z3 orbifold, with TL^ acting on the three coordinates Zi, i = 1,2, 3 
by 

Zi — ► ct^i, a = e 3 . 

In quantizing string theory on X, the Hilbert space splits into 3 twisted sectors, corre- 
sponding to strings closed up to a fc , k = 0, 1,2 (and projecting onto Z3 invariant states). 
The supersymmetric ground states in the k-th sector correspond to the cohomology of 
the fixed point set of a k . This has an interpretation in terms of the cohomology of X as 
well. In the case at hand, the ground states in the sector twisted by a k correspond to the 
generators of H k,k (X). Namely, the contribution to the cohomology of X is determined by 
the U(1)l x U(1)r charges of the states, where the charge (pi,qi) corresponds to H Pi,qi . 
In the twisted sectors, however, these receive a zero-point shift: in the sector twisted by 
Zi — > e 27Tlki Zi with < fcj < 1 the shift is (Xlt Si ^*)- ^ s there is precisely one such 
state for each k, the stringy cohomology of the orbifold agrees with the cohomology of the 
smooth resolution of X, i.e. the 0(— 3) — > P 2 , as is generally true (see however 



As explained in [37|, the orbifold theories have discrete quantum symmetries. In the 
present case, this is the Z3 symmetry which sends a state in the /c'th twisted sector to 
itself times a k . This is respected by interactions, so it is a well defined symmetry of the 
quantum theory. This implies that the only non-vanishing correlation functions are those 
that have net charge zero (mod 3). In particular, if we consider correlation functions of n 
insertions of topological observables O a corresponding to the generator of H ' (X), 

(a o a ...o a )g 
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at any genus g, this does not vanish only if n = (mod 3) We will describe in this section 
how to compute the generating functions of correlation functions at genus g 



n 



and show that this is indeed the case. By J"° rb here, we mean the generating function at 
the orbifold point — in this section, we will denote the generating function in the large 
radius limit by to avoid confusion. 

From what we explained in section 3, the expectation is the following. The good 
coordinate in one region of the moduli space generally fails to be good at other regions of 
the moduli space. The good variable at large radius is t, as the corresponding monodromy 
is trivial ( |6.11| ), according to our criterion in section 3. However, the monodromy of 
the period t is not trivial around the orbifold point, being given by ( |6. 13| ) , as 3 ^ 0. 



Correspondingly, even though we know the topological string amplitudes near the large 
radius point, we cannot simply analytically continue them to the orbifold point — the 
resulting objects would have bad singularities. Changing to good variables at the orbifold 
point involves a wave function transform that mixes up the genera. 

What is the good variable at the orbifold point? Clearly, it is the mirror B-model 
realization of the parameter a that enters the orbifold Gromov-Witten partition functions 
in the A-model language and corresponds to H X ' X (X). The dual variable gd 

r) 

_ o ^7-orb 

an = -3^ 

corresponds to H 2,2 (X). To identify them in the B-model, note that, on the one hand, 
under the quantum symmetry Z3 symmetry a and ao transform as 

(l,a,a D ) -> (I, a a, a 2 cr D ). 



On the other hand, the symmetry acts in the mirror theory by |37 

ij) — > a ip. 

The fixed point of this, ijj = 0, corresponds to the elliptic curve with Z3 symmetry, which 
is mirror to the C 3 /2 3 orbifold. We can easily find the solutions to the Picard-Fuchs 
equations with these properties. 
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A basis of solutions is given by the hypergeometric system 3F2 

**cvo = Hr 1 ^ E J * \ n L ^ n > ( 6 - 21 ) 

n=0 lli=l [ 3 Jn 

for = 1,2, where we defined the Pochhammer symbols [a\ n : = r ^"- > . We also set 
Bo(if}) = 1. The .B's diagonalize the monodromy around the orbifold point, namely i/j — *> aip 
takes 

(B ,B ly B 2 ) -> (B ,aB 1 ,a 2 B 2 ). 
Consequently, we can identify 



;i,a, a D ) = (B ,B 1 ,B 2 ). 



The relative normalization of a and can be fixed using an = —3 d ° a and hence 
= = -3C^^ , since tp is globally defined. 

We can already make a prediction for the genus zero free energy at the orbifold point, 
up to an overall constant. By integrating or, = 3 d ° a , we get 

00 Arorb 

>o ^ " (3n)! a 

n=l 



where, for example 



rorb 7\r OI 'b Arorb ^ Arorb 1093 



Wort) __ Arom ArorD _ atoi 

iv 0,l _ JV 0,2 — g 3 7 iv 0,3 — 32' 0,4 g 6 

119401 27428707 



Arorb _ f Arorb 

Let us now turn to higher genus amplitudes. The analytic continuation from the point 
at infinity to the orbifold point can be done with the Barnes integral, as also explained in 
§. This relates 








)l 


7 







with the coefficients 



n= I \ 2 Cl I I a I (6.22) 



i T (\) * r (l) , , 

^Mfr C2 = -^F# (6 ' 23) 
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which are not integers. This is because the natural basis (cr, op) diagonalizes the mon- 
odromy around the orbifold point, and this cannot be done in SL(2, Z).i! Note that 
c\Ci = "2" 7)^ ' correspondingly the change of basis does not preserve the symplectic form, 
we have rather that 

dp A dx = -^dao A da 

P 

where 

(3 = -(2ni) 3 . 

Because of this fact, the analysis of section 2 goes through, but one has to be careful with 
normalizations. More precisely, it implies that the effective string coupling at the orbifold 
(fi's rb ) 2 i s renormalized relative to the large radius gl by (g° rh ) 2 = fig 2 . 

Then, knowing the Gromov-Witten amplitudes at large radius, we can predict them 
at the orbifold: 

/P- 1 ?f b = ?? + r g (A t d %1 ...d^< g ), (6-24) 
where the coefficient (3 comes from the renormalization of the string coupling, and 

3 

The coefficient 3 above comes from ( |6.6| ). The coefficients C and D are computed from 
(the inverse of) ( |6.22| ) as before, which gives 

C~ X D = — . (6.25) 
1 - a K ' 

In order to extract the cr-expansion of Ff h such as we presented for J 7 ^, we compute the 
right hand side of ( |6.24j ) in terms of the period t, and then use the relation between a and 
t given in ( |6.22[ ) to get expansions around a = 0. 



25 We could have derived the change of basis in another way. There is another natural basis at 
the orbifold, (Co,Ci,C2), corresponding to the 3 fractional branes. This basis has monodromy 
around the orbifold point, which is the cyclic Z3 permutations of the branes, 





The fractional brane basis is related to the large radius basis by an integral transformation — 
respecting the integrality of the D-brane charges — and the symplectic form. On the other hand, 
it is known [JL6|| how the fractional branes couple to the twisted sectors: in particular, the i-th 
twisted sector corresponds to . OL^Cj. This reproduces ( |6.22| ). 
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Since r = ^S-^- vanishes at the orbifold point a = 0, it follows from ( 6.22 ) that 



a 

r(a = 0) = . (6.26) 

1 — a 

- H 

Numerically, this corresponds to q(a = 0) = — e ~ —0.16; at this value, the (/-expansion 
of the modular expression ( |6.18|) still converges rapidly. Indeed, since the coefficients of the 
cr-expansion of the topological string amplitude at the orbifold point are rational numbers, 
they can be easily recovered from their convergent (/-expansion. 
At genus 1, we get 

oo ATorb 
n=l 

where, for instance, 

iV- b = 0, AT- b = l N^ = ~, 
b _ 13007 b _ 8354164 

JV 1,4 - 38 ' iV l,5 - 310 »••• 

It is good to note that simply expanding J-£°(t) near r(a = 0), that is, doing only the 
analytic continuation of the amplitudes, would lead to non-rational coefficients in the cr- 
expansion. 

Instead of (|6.24|) , it is faster to use the recursion relations at the orbifold point directly 



in terms of the modular ambiguity ( |6.20Q and the corresponding propagator, 

E orb (r) = lim E(r,f) 

t^t(<t=0) 

where 

f(a = 0) = -C~ X D 

is just the complex conjugate of ( |6.26| ). This follows from the fact that T gi on the one 
hand, satisfies the same recursion relations as with £"s and JF^°'s replaced by their 
hatted counterparts, and on the other hand T g {r, f) at f set to f = —C~ X D gives .F° rb . 
In fact, the right hand side of ( J6.24| ) can be interpreted as computing just that. Either 
way, for ^-"° rb , we find that 



9 

oo Ajorb 
n=0 V 



with the numbers iV° rb >1 
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2«3 11 5 2 711 


2 C J3 12 5 2 7-11 


2 9 3 14 5 2 7-11 


2»3 16 5-7 


2 9 3 17 5 2 7-11 


6 


14609730607 


258703053013 


2453678654644313 


40015774193969601803 


5342470197951654213739 


2123135372!! 


2l03lS 5 l 7 2ii 


2 12 3 14 5 3 7 2 11 


2113185372!! 


2123195.7211 



where we also included the genus and 1 numbers obtained earlier for completeness. 
The n = numbers, corresponding to untwisted maps for g > 2 (these are not well- 
defined for g = 0, 1), read 

yyorb ^ , X /V" 01 '' 3 ^ X Z |_ ^ 

2 '° ~ 2160 5760' 3 '° ~ 544320 1451520' 4,0 ~ 41990400 87091200' 
b _ 3161 x__ b _ 6261257 691 X 

5,0 77598259200 2554675200' 6,0 317764871424000 31384184832000'"' 

where x is the "Euler number" of local P 2 . The natural value of x is 3. 

Generally in Gromov-Witten theory the denominators come from dividing by the finite 
automorphisms of the moduli space M. g , n - In the 2 3 orbifold case there are obviously 
various automorphisms of order 3, corresponding to the powers of 3 in the denominators. 
We note that all other prime factors in the denominators do not exceed the prime factors 

1 13 B I 

in 2 g{2g-2){2g-2)\ • Automorphism groups of this order arise already for the constant map 
Gromov-Witten invariant. 



7. Local P 1 x P 1 

Our last example is the Gromov-Witten theory of the Calabi-Yau Y which is the total 
space of the canonical bundle over P 1 x P . We will study this using modularity of the 
-B-model topological string on the mirror manifold X. 

To start with, let us review elementary facts about Y. Let A\ and A2 denote the 
classes of the two P x, s in H 2 (Y). There is also one compact four cycle - the P 1 x P 1 
itself, and denote by B the corresponding class in H 4 (Y). The intersection numbers of the 
cycles on Y are 

#(A 1 ns) = -2 = #(A 2 n J B). 
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The class C = A\ — A 2 does not have a dual cycle in H^Y), as it does not intersect B. 
From our discussion in section 2, C will correspond to a non-normalizable modulus of the 
theory. For the normalizable modulus A we can take A2, for example, so let us define 



A = A 2 , C = A 1 -A 2 . 

The mirror manifold is a family of elliptic curves S, which is given by the following 
equation MM in P 1 x P 1 : 



x y + ZxX^q + x y 1 + z 2 x 1 y 1 + x x 1 y y 1 = 0, (7.1) 

where [xq : x{\ and [yo : yi] are homogeneous coordinates of the two P 's. The large radius 
point corresponds to z\ = = z 2 . 

Let t\ and t 2 denote the periods of the one form A around the 1-cycles mirror dual to 
A\ and A 2 (which we also denote by A\ and A 2 ): 



h= X, t 2 = A, 
and let to be the period around the 1-cycle mirror dual to B: 



t D = X. 
Jb 

The periods t\ and t 2 compute the physical Kahler parameters, i.e. the masses of BPS 
D2-branes wrapping the two Pi'siH At large radius the complex structure parameters z\ 
and z 2 are related to the Kahler parameters ti, t 2 of Y by 

More specifically, we can find the periods ti in terms of the parameters z% as the solutions 
of the Picard-Fuchs equations of X 

£1 = 6?- 2zi(0i + 6 2 )(1 + 20i + 20 2 ), 

(7.2) 

C 2 = @l - 2z 2 (Q 1 + 2 )(1 + 20! + 20 2 ), 



26 The P x 's of the embedding space of the mirror will hopefully not be confused with the two 
P x 's generating H2(Y) on the A-model side. 

47 



where 6j = for z = 1, 2. The solutions around the large radius point z\ = = z 2 can 
be determined by the Frobenius method from 



uj(z 1 ,z 2 ,r 1 ,r 2 ) := 



r 1 +m r 2 +n 



^ i r(-2(m + n) - 2(n + r 2 ) + l)r 2 (m + n + l)r 2 (n + r 2 + 1) 



as 



Thus 



ri, 2 =0 



^2) = log(zi) + 2zi + 22 2 + 3z 2 + 12 Zl z 2 + 3z% + . . . 

and similarly for t 2 with z\ and 22 exchanged. By inverting the above, we get the mirror 
maps: 

z 1=qi - 2(5! + 51 ?2 ) + 3(5? + qi ql) - 4(qf + qfq 2 + q\q\ + qi <£) + ... 

(7.3) 

z 2 = q 2 - 2(q 2 + q 2 ) + 3(q 2 + q 2 q\) - A{q 2 + q 2 q x + q\q\ + q 2 q\) + ... 

where qi = exp(2iriti) for i = 1, 2. 

In addition to this there are two other solutions to the Picard-Fuchs equations. First, 
there is a double logarithmic solution, which is the period to introduced previously. Sec- 
ond, there is a constant solution, corresponding to the period mirror to the DO brane in 
the A-model. This constant period, together with 

m = t\ — t 2 = / A, 
Jc 

where C is the 1-cycle of the curve mirror dual to the class C of Y (again we use the 
same letter to denote mirror dual objects), should be regarded as constant parameters 
that enter in specifying the model. In fact, it is easy to see that the period m does not 
receive instanton corrections, i.e. q m = exp(27um) satisfies 

Qm = <?l/<?2 = Z t /Z 2 , 

which is consistent with the interpretation of m as an auxiliary parameter. 
In the following we will denote the physical modulus by T 



t 2 



J A 



and define Q = ex.p(2rciT). 

In order to find the modularity properties of the amplitudes, we now study in more 
detail the family of elliptic curves E. 
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7.1. The Family of Elliptic Curves 

The family of elliptic curves S in ( |7.1| ) can be brought into Weierstrass form,! 

y 2 = 4x 3 - g 2 x - g 3 



with 



92 = ^( 16 ^ + C 1 - 4 ^) 2 + 8^i(-l + 28z 2 )), 

<? 3 = |=(64^ + (-1 + 4^ 2 ) 3 - 48^(1 + 44^ 2 ) + ^(12 + 480z 2 - 2112^). 
Its function reads 

■ / , = (16^ + (l-4z 2 ) 2 +8z 1 (-l + 28z 2 )) 3 

J[T) z lZ2 (16z 2 + (l-4z 2 y-8 Zl (l + 4z 2 )y 1 ' } 

As usual, by j(r) we mean that the j- function is a function of the standard complex 
parameter r of the family of elliptic curves E =<D/(2 © rZ). 

As it turns out, we have met this curve before! Recall that the function of the T(2) 
modular curve, the SU (2) Seiberg-Witten curve, is ( |5.1^ ) 

= 64(3 +M y 



27 To do so, we first use the Segre embedding of P 1 x P 1 into P 3 given by the map 

([x : xi], [y ■ yi]) i-» [X : Xx : X 2 : X 3 ] = [x yo, xiy , x yi, Xiyi], 

where [xo '■ xi] and [yo ■ yi] are homogeneous coordinates of the two P^s and Xi, i = 0, . . . , 3 are 
homogeneous coordinates of P 3 . Then P 1 x P 1 is given by the hypersurface 

X X 3 - XrX 2 = (7.4) 

in P 3 . The family of elliptic curves £ is now given by the complete intersection of ( [7,4]) and the 
hypersurface defined by 

Xo + z x X\ + X\ + z 2 Xt + X X 3 = 0. (7.5) 



After a linear change of variable, ( |7.5| ) becomes linear in X 3 , so X 3 can be eliminated from ( [7.5| ) 
and ( |7.4| ) to get a cubic equation in P 2 . Then, given any cubic in P 2 we can use Nagell's algorithm 
119101 to transform it into its Weierstrass form. 
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If we make the substitution 



-1/2 1 
W» 1 ^ 1/2 _,_ -1/2a 



u=J k^-¥ q ™ +q ™ ] (7 - 8) 

in ([7.7|), we get exactly the j-function (|7.6| ), using the fact that q m = z±/z2- Since the 
j-function captures all the coordinate-invariant data of the elliptic curve, the curves in the 
family mirror to local P 1 x P 1 are in fact isomorphic to the curves in the SU(2) Seiberg- 
Witten family, through reparameterization of the moduli space as in ( |7.8| ). In particular, 
it follows immediately that the curves in the family £ have monodromy group T(2). 

We could also have found the monodromy transformations of the periods directly 
from the Picard-Fuchs equations, as we did for local P 2 , but it requires more work. The 
j-function approach, when the mirror geometry is a family of elliptic curves, provides a 
simpler way to determine the monodromy group, at least the part of it restricted to the 
physical periods. Fortunately, this is all that is relevant for our purposes. 

Using this result, we can borrow heavily the results from the SU(2) theory. In par- 
ticular, using the expression for u in terms of modular forms of T(2) in ( |5.14 ) and relating 
Z2 to the period T, we findil 

Q{qm, q) = q^ 1/2 q 1/2 - (2 + 2q~ 1 ) q + q^ 2 {5 - Aq m + 5q 2 m ) q 3 ' 2 + ... (7.9) 

where q = e 27riT , q m = e 2nrn and Q = e 2? " T . From this expansion, we see that the period 
T does not only depend on r; the coefficients of the power series in q depend explicitly on 
the auxiliary parameter m (or q m ). 

7.2. Genus 0, 1 and Yukawa Coupling 

Let us start by finding the partition function at genus 1. Recall that T\ is fixed by 
its modular properties and its behavior at the discriminant of the family of elliptic curves 
E. In the local P 1 x P 1 case, we can show that 

:Fi = -log77(r) (7.10) 



28 Note that we could invert the series because q m is just a parameter, i.e. it must be r- 
independent. 
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transforms as required and has precisely the good behavior at the discriminant — this 
is the same expression as in SU(2) Seiberg-Witten theory. As a consistency check, if we 
expand ( |7.10| ) using the expansion of q in terms of q m and Q we get 



T x = - 1 log( ?m Q 2 ) - i(l + q m )Q - 1(1 + 4q m + ^)Q 2 
- 1(1 + 9g m + 9e& + ^)Q 3 + 0(Q 4 ), 

which reproduces precisely the genus one partition function of local P 1 x P . 

Now consider the Yukawa coupling, i.e. the third derivative of JF (m,T) with respect 
to T, which we will need to compute higher genus amplitudes. Using 

d 3 _ , „, Id 



F {m,T) = --—T(m,T) 



8T 3 uv ' ; 2dT 
and the expansion for r in terms of q m and Q we get the following expansion 
d 3 



or 3 



T Q (m, T) = -1 - 2(1 + q m )Q - 2(1 + 16 ?m + q 2 m )Q 2 + 0(Q 3 ). (7.11) 



o3 

However, what we would like to obtain is a modular expression for -^j^J-'o defined globally 
over the moduli space of complex structures, such as our expression ( |7.10| ) for T\, not just 
an expansion in the large complex structure limit. 

To identify the modular form we make use of the change of variable ( |7.8| ), which relates 
the usual T(2) curve to our curve with the auxiliary parameter q m . Through this change of 
variable, we identify the j-functions of the two curves, and correspondingly the parameter 
r, via the g-expansion of the j-function. In particular, this implies a relation between the 
periods 

a = a(T, m), 

where a is the usual Seiberg-Witten period, coming from the identification of the j- 
functions, which we write schematically as 

j(a) =j(r) =j(T, m). 

As a result, acting on any function of r (at fixed m), we get 

d da d 
df ~ dfda' 
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For instance, we can write 

d 3 Fo __ _1 dr_ _ _1 da dr 

Now, we saw in section 5 that 



and we can compute that 



1/2 



/:=^ = 4(^ /2 + ^ 1/2 + 2^(r)j (7.12) 

using ( [7.1 1|) and (|7.9|) . In the above equations we used the modular forms b, c and d as 
defined in the T(2) part of Appendix A. Putting all this together, we get 



dT 3 



1/2 



which is a modular form of T(2) of weight (—3), as expected. Note that / itself has weight 
zero. 



To summarize, given the function / = 4^ in ( 7.12 ), which relates the a-period of the 



r(2) curve to the T and m periods of the P 1 x P 1 curve, we directly obtain modular 
expressions for the higher genus amplitudes in terms of the modular expressions already 
obtained for 577(2) Seiberg-Witten theory. 

7.3. Higher genus amplitudes 

First, we can take the propagator to be 

\ 2%i „ . . 
E(t) = - — E 2 (r), 

which is the same propagator as in SU (2) Seiberg-Witten theory, up to a sign (see section 
5). The sign comes from the different conventions for the relative orientation of the A and 
the B-cycles. 

To get higher genus amplitudes, we use the by now familiar Feynman expansions with 
the above propagator. To relate the expansions to the SU (2) Seiberg-Witten expansions, 
we simply use the chain rule for derivatives: whenever we need to take derivatives with 
respect to T in the Feynman expansions, we use the function / given in ( [7. 12|) to write 



_d_ = d_ 
dT j da 
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This relates the amplitudes on the local P 1 x P 1 to those in the SU(2) Seiberg-Witten 
theory, up to an exactly modular form. Plugging all these results in the Feynman expansion 
for the genus 2 partition function JF 2 we get the nice and simple expression for the modular 
function h% in terms of the partition functions .F| w , g < 2 of SU{2) Seiberg-Witten 
theory: 

1,(0) _ T I 1 T SW (n 1 / 2 I a- 1 ' 2 I Q C + ( A 1 ^2 
^2 - ^2 + -.J-2 I 9m +Qm + 1 ' 



4 z V b J 576 cd 

This is an interesting result. Through our modular formalism, we can express higher 
genus amplitudes of local Calabi-Yau manifolds in a very simple way in terms of higher 
genus amplitudes of the corresponding theory with no auxiliary parameters - - in this 
case SU(2) Seiberg-Witten theory. More precisely, given two theories governed by elliptic 
curves with j-functions related by a change of variables (that generically also involves the 
auxiliary parameters) , all one needs to do is to determine the function / = & relating the 
physical periods, and everything else follows from the formalism. 

Finally, by plugging in the known expansion for JF 2 (obtained for instance through 
the topological vertex formalism) we could determine , and show that it is a modular 
form of weight 0, as we did for local P 2 . We could also go to higher genera, and relate the 
expressions to the Seiberg-Witten expressions; we will not present the explicit formulae 
here, but it is straightforward to calculate them. 

7.4- Seiberg-Witten Limit 

Let us end this section by showing that the double scaling limit to recover SU(2) 
Seiberg-Witten theory from the local P 1 x P 1 topological string amplitude is consistent 
with our results above. Since we know the j-function of the mirror family of elliptic curves 
in terms of the complex moduli Z\ and z%, we first express the limit in these parameters, 
and then show that taking the limit gives the j-function of the SU(2) Seiberg-Witten 
curve. 



The double scaling limit was explained in details in p2| , |24| . Define first new parameters 
x and y satisfying z\ = l/4x 2 and z 2 = y/4, and then parameters X\ and x 2 such that 

x\ = (1 - x), x 2 - 



1 — x 

The double scaling limit is given by letting x\ = e 2 u and x 2 = 1/u, and then sending e — > 0. 
Taking this limit in our j-function ( |7.6| ) for the elliptic curve mirror to local P 1 x P 1 , we 

get 

_ 64(3 + u 2 ) 3 
J(T) ~ (u 2 -l) 2 ' 
which is indeed exactly the j-function of the SU (2) Seiberg-Witten curve. 
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8. Open Questions and Speculations 

In this paper we showed how to use symmetries to constrain the topological string 
amplitudes. As a result, we obtained nice expressions for the amplitudes in terms of 
(almost) holomorphic modular forms. However, various open questions remained, and 
new ideas for future research emerged. 

i. Compact case. Our formalism is completely general, and applies to both compact 
and non-compact Calabi-Yau threefolds. However, all the examples that we worked out 
explicitly consisted in non-compact target spaces. As explained in section 4.1, the reason 
is that in the compact case the period matrix tu does not have positive definite imaginary 
part. It would be interesting to understand how to get modular expressions in this case, 
perhaps using the closely related matrix Mi j, as also explained in section 4.1. 

ii. Full group of symmetries. In this paper, we considered the group of symmetries of the 
topological string generated by monodromies of the periods. However, as explained in the 
introduction, this is just a subgroup of the full group of symmetries, which consists in the 
group of ^-preserving diffeomorphisms. In the local case, the uj preserving diffeomorphisms 
were used in |l| to solve completely the topological string. It would be very interesting to 
see if this generalizes to compact Calabi-Yau manifolds. 

Hi. Away from the weak coupling. In this work we obtained nice modular expressions for 
the topological string amplitudes genus by genus. However, the main object of study was 
the topological string wave function Z(g S: x), which should make sense at any value of the 
string coupling. It would be interesting to use the symmetries to constrain the topological 
string amplitude for all values of the string coupling. This would correspond to solving 
the equations ( pM| ) away from the weak coupling regime. However, this may be hard, as 
one has to pick the correct non-perturbative definition of (|3.1|). 
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Appendix A. Modular Forms and Quasi-Modular Forms 

In this appendix we review essential facts in the theory of modular forms and quasi- 
modular forms, mainly in order to fix our conventions. 

Denote by H = {r eC|Im(r) > 0} the complex upper half-plane, and let V C SL{2, Z) 
be a subgroup of finite index. 

The action of the modular group r on H is given by 

At + B (A B\ „ 

t ^c7Td> for7= U d) eT - 

A modular form of weight k on T is a holomorphic function / : H satisfying 

f( 1T ) = (Cr + D) k f(r) forall 7 =(£ jjer, 

and growing at most polynomially in 1/Im(r) as Im(r) — > 0. 

We can also define an almost holomorphic modular form of weight k on V as a function 
/ : 7i — >C satisfying the same transformation property and growth condition as above, 
but with the form 

M 

for some integer M > 0, where the functions / m (r)'s are holomorphic. The constant term 
in the series, fo(r), is a quasi-modular form of weight fc; it is holomorphic, but not quite 
modular. It has the form 

M 

/o(r) = hm(r)E 2 (T) m , 

m=0 

where the /i m (r)'s are holomorphic modular forms and we defined the second Eisenstein 
series 

nq 



which is itself quasi-modular of weight 2. Its almost holomorphic counterpart is defined as 

Note that there is an isomorphism between the ring of almost holomorphic modular forms 
and the ring of quasi-modular forms. 
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A.l. Modular Forms of Y '(2) 

Our conventions for the theta functions with characteristics are as follows: 



r ) = ^2 q ±(n+a) 2 e 2ni(n+a 



){b+z) 



As usual, we denote the T(2) theta constants by 



#2 = 9 



(0|r), 



03 = 



9a = 9 



We also define the fourth powers 



b:= 9 4 2 (r) 1 c:=9 4 (r) 1 d:=9 4 (r) 1 

which satisfy the identity c = b+d. Also, r/ 12 = 2~ bed, where rj is the Dedekind ^-function. 
Here are some useful formulae involving derivatives of modular forms: 

24g-^-log(?7) =E 2 , 
dq 

6q-^- log(d) = E 2 - b - c, 
dq 

6q^- log(c) = £ 2 + b - d, 
dq 

d 



6q— \og(b) = E 2 + c + d. 
dq 



A. 2. Modular Forms of Y (3) 



For the congruence subgroup T(3), the relevant theta constants (taking their third 
powers) are!! 



o:=9 :i V (0,r) 
satisfying the identities 



9' 



(0,r), c:=9 6 



(0,r), d:=9 z 



(0,r) 



6 = a + c, d = a + a&, 



29 We use the same variables to denote the fourth powers of the T(2) theta constants and the 
third powers of the T(3) theta constants, but it should always be clear from the context which 
subgroup we are considering. 
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with a = . Moreover, the Dedekind ^-function is given by ry 12 = -^j^abcd. 

We need derivative formulae for these theta constants as well. Let us first define the 
six following modular forms of weight 2: 



ac 




ab 




be 


9 ' 

rj z 


t 2 = 


9 ' 


t 3 = 


rj 2 


bd 


h = 


ad 


te = 


cd 


9 ' 


9~ ' 


V 2 



Then we found the relations: 



8q— log a = ~E 2 ( J = £ 2 (r) - -(£ 4 + * 6 + a* 3 ), 

8^ log 6 = ^E 2 (I) = £ 2 (r) + |(«i-t 5 + *e), 
d , 1 „ /r + „ , x , 2,. 2 



8q— log c = -E 2 j = E 2 (t) + -{U + t 5 - aH 2 ), 

8q4- logd = 3£ 2 (3r) = E 2 (r) + |(-tj + a 2 t 2 + at 3 ). 
dq 3 

Note that the second equality in each line are 'triple' analogs of the doubling identities for 
the Eisenstein series E 2 {r). 



Appendix B. Siegel modular forms 



A good reference on Siegel modular forms is Ghitza's elementary introduction [19 



and the more complete textbook |28 



Let T be a subgroup of finite index of the symplectic group Sp(2r, Z) defined by 

Sp(2r, Z) = j ^ ^ J e GL(2r, Z) \A T C = C T A, B T D = D T B, A T D - C T B = I J , 

where I is the r x r identity matrix. Define the Siegel upper half space 

H r = {r £ Mat rXr (C)|r T = r, Im(r) > 0}; 

this is the space of r x r symmetric matrices with positive definite imaginary part. The 
action of V on 7i r is given by 

t h+ (At + B)(Ct + D)- 1 for 7 = ^ ^) eF - 
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A weight k (scalar-valued) Siegel modular form of V is a holomorphic function / 
7i r — >(D satisfying 



/( 7T ) = det(Cr + D)^) for all 7 



C D 



e r. 



Note that for r > 1 we do not need to impose the condition of holomorphicity at infinity 
in the definition of a modular form, as was the case for r = 1. 

Moreover, for r > 1 one can define more general objects, which transform under 
irreducible representations of GL(r,C). Given such a representation p : GL(r,C) — > GL(V), 
where V is a finite-dimensional vector space, we say that a function transforming under p 
is a Siegel modular form of weight p — see for instance [|19 . 

We can also defined 'generalized' theta functions as 



(zi, t) = 2J ex P ^2(n l + a l )rij(n j + a j ) + 2iri / ](zj + hi 



n£Z r 



IJ 



where a, b and z are vectors of length r. 
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